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Abstract 

The most general Higgs potential of the two-Higgs-doublet model (2HDM) contains three 
squared-mass parameters and seven quartic self-coupling parameters. Among these, one squared- 
mass parameter and three quartic coupling parameters are potentially complex. The Higgs poten- 
tial explicitly violates CP symmetry if and only if no choice of basis exists in the two-dimensional 
Higgs "flavor" space in which all the Higgs potential parameters are real. We exhibit four in- 
dependent potentially complex invariant (basis-independent) combinations of mass and coupling 
parameters and show that the reality of all four invariants provides the necessary and sufficient 
conditions for an explicitly CP-conserving 2HDM scalar potential. Additional potentially complex 
invariants can be constructed that depend on the Higgs field vacuum expectation values (vevs). 
We demonstrate how these can be used together with the vev-independent invariants to distinguish 
between explicit and spontaneous CP-violation in the Higgs sector. 
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I. INTRODUCTION 



The S 
doublet 



andard Model (SM) posits the existence of a single complex hypercharge-one Higgs 
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Due to the form of the Higgs potential, one component of this Higgs scalar 
acquires a vacuum expectation value and the SU(2)xU(l) electroweak symmetry is spon- 
taneously broken to U(1)em- Hermiticity requires that the parameters of the SM Higgs 
potential are real. Consequently, the resulting bosonic sector of the electroweak theory is 
CP-conserving. CP-violation enters through the Yukawa couplings of the Higgs field to 
fermions. Although there are many potentially complex parameters in the Higgs couplings 
to three generations of quarks and leptons, one can redefine the fermion fields (to absorb 
unphysical phases). The end result is one CP- violating parameter — the Cabibbo-Kobayashi- 
Maskawa angle Q|. 

There are a number of motivations for considering extended Higgs sectors. For example, 
the minimal supersymmetric extension of the Standard Model requires two complex Higgs 
doublets 0. In this paper, we consider the most general two-Higgs-doublet extension of 
the Standard Model. This model possesses two identical complex, hypercharge-one Higgs 
doublets. In contrast to the Standard Model, the scalar Higgs potential of the two-Higgs- 
doublet model (2HDM) contains potentially complex parameters Q. Consequently, the 
purely bosonic sector can exhibit explicit CP-violation (prior to the introduction of the 
fermions and the attendant complex Higgs-fermion Yukawa couplings). However as above, 
not all complex phases are physical. In this paper, we exhibit the necessary and sufficient 
conditions for an explicitly CP-conserving 2HDM scalar potential. 

The procedure for determining whether the Higgs potential explicitly violates CP is in 
principle straightforward. The Higgs potential parameters are initially defined with respect 
to two identical Higgs fields $1 and $2- However, one can always choose to change the basis 
(in the two-dimensional Higgs "flavor" space) by defining two new (orthonormal) linear com- 
binations of $i and $2- In this new basis, all the Higgs potential parameters are modified. 
The Higgs potential is explicitly CP- violating if and only if no choice of basis exists in which 
all the Higgs potential parameters are simultaneously real. 1 If (at least) one basis choice 
exists in which all Higgs potential parameters are real, then the Higgs potential is explicitly 



1 We find it convenient and illuminating to give an explicit proof of this oft-stated result in Appendix A. 
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CP- conserving. Henceforth, we designate any such basis as a real basis. CP-violation in the 
scalar sector might still arise if the scalar field vacuum is not time-reversal invariant. In this 
case, CP is spontaneously broken fl. 

Given an arbitrary Higgs potential, it may not be possible to determine by inspection 
whether a real basis exists. Since there exist four potentially complex parameters in the 
Higgs potential, one must in general solve a set of four non-linear equations (requiring that 
these four parameters are real in some specific basis to be determined). Thus, we propose 
another technique for answering the question of whether a special basis exists in which all 
Higgs potential parameters are real. Our procedure makes use of the technology introduced 
in ref. (f| based on invariant combinations of Higgs potential parameters. By definition, 
these invariants are basis- independent quantities; i.e., they do not depend on the initial 
basis choice for $1 and <3>2- We then search for potentially complex invariants. 

Four potentially complex (basis- independent) invariants govern the CP-property of the 
2HDM scalar potential. If any one of these four invariants possesses a non-zero imaginary 
part, then the 2HDM scalar potential is explicitly CP- violating. CP is explicitly conserved if 
and only if all four invariants are real. In the latter case, a real basis must exist (even though 
an explicit form for the transformation that produces such a basis is not determined). Two 
of the invariants were found by diagrammatic techniques in ref. |6(. Recently, three of the 
four invariants were also employed in Jt|. Other earlier simple (basis-dependent) conditions 
proposed for the existence of explicit CP- violation in the Higgs potential J^l 0] turn out to 
be sufficient but not necessary for an explicitly CP-conserving Higgs potential. 

Finally, we note that in the discussion above, we have not addressed the question of 
the minimization of the Higgs potential. This determines the vacuum expectation values 
(vevs) of the two Higgs fields, 2 which are basis-dependent quantities. The two vevs can in 
general be complex, although one can absorb these complex phases by phase redefinitions 
of the individual scalar fields As shown in Appendix F, the Higgs sector is fully CP- 
conserving if and only if there exists a real basis in which the Higgs vacuum expectation 
values are simultaneously real. The latter can be established by examining three additional 



invariants (initially introduced in ref. ll() that depend explicitly on the vevs 



2 We shall always assume that the Higgs potential parameters are chosen such that the scalar minimum of 
interest preserves U(1)em- 
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In Section II, the basis-independent formalism for the 2HDM developed in ref. p is 
reviewed. In Section III, we exhibit a set of four independent potentially complex invariants 
constructed from the Higgs sector parameters. We then prove that the imaginary parts of 
these four invariants vanish if and only if the 2HDM scalar potential explicitly conserves the 
CP symmetry. The proof of this theorem relies on a number of important lemmas that are 
proved in Appendices C and D. The power of this theorem is demonstrated by exhibiting 
three simple 2HDM models with complex parameters that are CP-conserving. In Section IV 
we provide some insight into how the set of four complex invariants was discovered by 
surveying all potentially complex nth-order invariants for n < 6. The manifest reality of 
all invariants of order three or less is demonstrated explicitly in Appendix E. Thus, one 
must search for invariants of order n > 4 to find candidates that are potentially complex. 
From the results of our survey, we deduce a number of general features of the potentially 
complex invariants of arbitrary order. To determine whether an explicitly CP-conserving 
Higgs potential exhibits spontaneous CP-violation, one must additionally consider basis- 
independent quantities, initially introduced in ref. that depend on the Higgs vevs. 
Finally, a brief discussion of future directions and concluding remarks are given in Section VI. 



II. THE HIGGS POTENTIAL OF THE TWO HIGGS DOUBLET MODEL 



! 



Consider the most general two-Higgs doublet extension of the Standard Model (2HDM) 



12j. Let $1 and $ 2 denote two complex Y = 1, SU(2) L doublet scalar fields. The most 
general SU(2) L xU(l)y invariant scalar potential is given by (see, e.g., ref. jl^ ]) 

V = m 2 xx <&\$i + m2 2 $^2 - [m 2 12 §\§2 + h.c] 

+ ±A 1 ($ t 1 $ 1 ) 2 + ±A 2 ($ 2 $ 2 ) 2 + A 3 ($ t 1 $ 1 )($J$ 2 ) + A 4 ($ t 1 $ 2 )(<I> 2 $i) 

+ |lA 5 ($ t 1 <l> 2 ) 2 + [A 6 ($ t 1 $i) + A 7 ($S$ 2 )]$ t 1 $ 2 + h.c.} , (1) 

where rn\ x , m 22 , and Ai, • • • , A4 are real parameters and m 2 2 , A5, \$ and A7 are potentially 
complex parameters. We assume that the parameters of the scalar potential are chosen such 
that the minimum of the scalar potential respects the U(1) EM gauge symmetry. Then, the 
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scalar field vacuum expectations values are of the form 





(2) 



where V\ and v 2 are real and non-negative, < |£| < tt, and 



v * = v \ + v l = ^L = (246 GeV) 2 . (3) 

In writing eq. (J2J), we have used a global U(l)y hypercharge rotation to eliminate the phase 
of V\. 

Since the scalar doublets $i and $2 have identical SU(2)xU(l) quantum numbers, one 
is free to define two orthonormal linear combinations of the original scalar fields. The 
parameters appearing in eq. (JIJ depend on a particular basis choice of the two scalar fields. 
Relative to an initial (generic) basis choice, the scalar fields in the new basis are given by 
$' = U$ 0, where U is a U(2) matrix: 3 

. , / cos 9 e~ % ^ sin 9 \ 
U = e* . . (4) 

\-e J *sinfl e< x ~® co$9 

Note that the phase ip has no effect on the scalar potential parameters, since this corresponds 
to a global hypercharge rotation. 

With respect to the new $'-basis, the scalar potential takes on the same form given 
in eq. ([TJ but with new coefficients m'? and A'-. For the general U(2) transformation of 
eq. (J3J) with $' = £/$, the scalar potential parameters (m'?, AQ are related to the original 
parameters {rrifp \) by: 



m 



m\ x (? e + m\ 2 s 2 e - Re(m\ 2 e l ^)s 2d , (5) 



m 22 = m n s e + m 22 c e + Re(m 12 e^)s 2e , (6) 
mi|e <x = \{m 2 n - m 2 22 )s 2e + Re{m 2 l2 e^)c 2e + i lra(m 2 12 e^) . (7) 



This U(2) transformation has also been recently exploited in ref. (lcj . 



5 



and 



A; = Ai^ + A 2 4 + |A 34 5^ e + 2s 2e [c 2 Re(A 6 e 4 «) + s 2 Re(A 7 e 4 «)] , (8) 

A' 2 = Ai^ + A 2 4 + iA 3 45^ e - 2s 2e [agRe^e*) + c 2 Re (A 7 e^)] , (9) 

K = He t A i + A 2 - 2A345] + A 3 - s 2e c 2e Re[(\ fi - A 7 )e*] , (10) 

K = \4e [M + ^2- 2A345] + A 4 - s 2e c 20 Re[(A 6 - A 7 )e i? ] , (11) 
Ase 2iX = \4b t A i + A 2 - 2A345] + Re(A 5 e 2 ^) + zc 2e Im(A 5 e 2 ^) - s 2 ,c 2e Re[(A 6 - A 7 )e l «] 

-is 20 Im[(A 6 - A 7 )e*)] , (12) 
K eix = ~\ s 2e [Aicg - A 2 s^ - A 34 5C 2e - iIm(A 5 e 2i? )] + c e c 3e Re(A 6 e i? ) + s e s 38 Re(\ 7 e ii ) 

+ic 2 e lm(X 6 e^) + is 2 e lm(X 7 e^) , (13) 
X W X = ~l s 2e [Xx4 ~ X 2C 2 e + A 3 45C 20 + iIm(A 5 e 2 ^)] + s e s 3e Re{X 6 e i( ) + c e c 3e Re{X 7 e i( ) 

+is 2 e lm{X 6 e^) + i<$Im{\ 7 e*) , (14) 

where 

A345 = A 3 + A 4 + Re(A 5 e 2 ^) . (15) 

These equations exhibit the following features. If m\ x = m 22 and m 2 2 = in some basis 
then these two conditions are true in all bases. Likewise, if Ai = A 2 and A 7 = —Xq in some 
basis then these latter two conditions are true in all bases. 

We noted previously that the parameters m 2 2 , A 5 , A 6 and A 7 are potentially complex. 
We now pose the following question: does there exist a so-called real basis in which all 
the scalar potential parameters are real? In general, the existence of a real basis cannot 
be ascertained by inspection. In particular, starting from an arbitrary basis, it may be 
quite difficult to determine whether or not there is a choice of 9, x, £ above such that all the 
primed parameters are real. However, in this paper we will show, using the basis-independent 
techniques described in ref. p, that there is a straightforward procedure for determining 
whether a real basis exists. To accomplish this goal, we write the scalar Higgs potential of 
the 2HDM following refs. Q and Q: 

V = Y ai $i<S> b + \Z alc M^){^ d ) , (16) 
where the indices a, b, c and d run over the two-dimensional Higgs flavor space and 

Z a bcd — ^cdab ■ (17) 



Hermiticity of V implies that 

Yb — (Yba)* , Zabcd = (^badc)* • (18) 

Under a global U(2) transformation, $ a — > {7 a b<I>& (and — > $1?/^), where Ul n U a5 = 
5bc, and the tensors Y and Z transform covariantly: Y a i — > U acY^U^ and Z a & C( j — > 
UaeUfjUcgU^jZejgh. The use of barred indices is convenient for keeping track of which in- 
dices transform with £7 and which transform with W. We also introduce the U(2)-invariant 
tensor 5 ab \, which can be used to contract indices. In this notation, one can only contract an 
unbarred index against a barred index. For example, 

^ad = SbcZahd = Z^, Z 'J- = 5ba,Z a l c J = Z aac j. (19) 

With respect to the $-basis of the unprimed scalar fields, we have: 

Y"n = rr, 
Y 21 = - 

and 

Zmi = Ai , 
Z1122 = -Z2211 
-Z1212 = A5 , 
Aim = ^1211 
Z2212 = ^1222 

For ease of notation, we have omitted the bars from the barred indices in eqs. (I2U|) and 
f!21jl . Since the tensors Y a i and Z a i cd - exhibit tensorial properties with respect to global U(2) 
rotations in the Higgs flavor space, one can easily construct invariants with respect to the 
U(2) by forming U(2)-scalar quantities. 

In section irTTl we shall argue that the scalar potential is CP-conserving if and only if a real 
basis exists. In this case, all possible U(2)-invariant scalars are manifestly real. Conversely, 
if the scalar potential explicitly violates CP, then there must exist at least one manifestly 
complex U(2)-scalar invariant. We shall exhibit the simplest set of independent potentially 
complex U(2)-scalar invariants that can be employed to test for explicit CP-invariance or 
non-invariance of the 2HDM scalar potential. 
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11 > 



Y 



12 



-m 



12 > 



,2 \* 
12) 



Y 22 = m 22 



(20) 



A 6 
A 7 



-Z2222 = A2 , 
Z1221 = Z2112 
-Z2121 = A5 , 
^1121 = ^2111 
Z2221 = ^2122 



^6 ' 

a;. 



(21) 



III. COMPLEX INVARIANTS AND THE CONDITIONS FOR A CP- 
CONSERVING 2HDM SCALAR POTENTIAL 



Given an arbitrary 2HDM Higgs potential, we have already noted that the scalar potential 
possesses a number of potentially complex parameters. We would like to determine in general 
whether this scalar potential is explicitly CP- violating or CP-conserving. The answer to this 
question is governed by a simple theorem: 

Theorem 1: The Higgs potential is explicitly CP-conserving if and only if a basis exists 
in which all Higgs potential parameters are real. Otherwise, CP is explicitly violated. 

Although Theorem 1 is well-known and often stated in the literature, its proof is usually 
given under the assumption that a convenient basis has been chosen in which the CP trans- 
formation laws of the scalar fields assume a particularly simple form [4]. In Appendix A, we 
provide a general proof of Theorem 1 that does not make any assumption about the initial 
choice of scalar field basis. As already noted, it may be difficult to determine whether a basis 
exists in which all Higgs potential parameters are real. Thus, we would like to reformulate 
Theorem 1 in a basis-independent language. That is, we propose to express the conditions 
for an explicitly CP-violating (or conserving) Higgs potential in terms of basis-independent 
invariants. 

Before presenting the basis-independent version of Theorem 1, let us first enumerate the 
number of independent CP-violating phases that exist among the scalar potential parameters 



of the 2HDM. In eq. (JTj), we have noted four potentially complex parameters: Y\2 = —m 



2 

12- 



A5, A6 and A7. Naively, it appears that there are three independent CP-violating phases, 
since one can always perform a phase rotation on one of the Higgs fields to render one of 
the complex parameters real. However, this conclusion is not correct, since one can utilize 
a larger SU(2) global symmetry to absorb additional phases. 4 An SU(2) global rotation is 
parameterized by one angle and two phases. This can be used to remove one real parameter 
and two phases from the initial ten real parameters and four phases that make up the scalar 
potential parameters. Thus, ultimately, the number of physical parameters of the scalar 
potential must be given by nine real parameters and two phases. Equivalently, there can 



4 As previously noted, a U(l) hypercharge global rotation leaves all the scalar parameters unchanged; that 
is, the angle ip in eq. Q has no effect. If one chooses ip = ^(£, — x)i then the matrix U given in eq. 10} is 
an SU(2) matrix. 
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only be two independent complex parameters among the physical parameters that describe 
the scalar potential. 

This result can be derived in a very simple and direct fashion as follows p|. Consider the 
explicit forms of Z^ and defined in eq. (I19|) : 

yAg + \j A 2 + A 4y l ' + K A 2 + A 3 / ' 

Note that Z^> and Z^ are hermitian matrices that commute so that they can be simultane- 
ously diagonalized by a unitary matrix. It therefore follows that there exists a basis in which 
Z« and Z& 

are simultaneously diagonal; that is, A7 = — A 6 . Once this basis is established, 
it is clear that the phase of Xq and A7 can be removed by a U(l) phase rotation of $ 2 . 
Thus, a basis can always be found in which only two parameters Yyi and A5 are complex. 
Moreover, the total number of independent real parameters is nine (since in a basis where 
A 7 = — A 6 , only one of these two parameters is an independent degree of freedom). This 
matches the counting of parameters given in the previous paragraph. 

Based on this parameter counting, one is tempted to conclude that there should be only 
two independent potentially complex invariants. Nevertheless, this intuition is misleading. 
The correct statement is summarized by the following theorem. 

Theorem 2: The necessary and sufficient conditions for an explicitly CP-conserving 
2HDM scalar potential consist of the (simultaneous) vanishing of the imaginary parts of 
four potentially complex invariants: 

I Y3Z = lm(Z^zfz bScci Y d - a ), (23) 
I 2Y2Z ee lm(Y ab Y cJ Z b - adf Z^) , (24) 

IqZ = ^ m {ZabcdZ b f Zj}! ZfajkZkjmnZnmhc) , (25) 
hY3Z = I m (Z a cbdZc^gZ e hfqY ga Y h lY q f) . (26) 

Henceforth, the imaginary parts of potentially complex invariants shall be referred to as 
I -invariants. 

The case of Ai = A 2 and A7 = — A6 is a special isolated point in the scalar potential 
parameter space. In particular, when Ai = A 2 and A7 = — Ag, the matrices Z^ 1 ' and Z^ 
are both proportional to the unit matrix. Thus, if both equalities Ai = A 2 and A7 = — \$ 
are true in one basis, then they must also be true in all bases [as previously noted below 
eq. (JHJ)]. Thus, Theorem 2 breaks up into two distinct cases: 



(i) For the isolated point Ai = A2 and A 7 = Iyzz = I2Y2Z = hz = is automatic [see 

eqs. ()28j) - (j3Tjj) ]. In this case, the necessary and sufficient condition for an explicitly 
CP-conserving 2HDM scalar potential is simply given by Izyzz — 0. 

(ii) Away from the special isolated point of case (i), only three of the /-invariants need be 

considered. Specifically, at any other point of the parameter space, the necessary and 
sufficient conditions for an explicitly CP-conserving 2HDM scalar potential are given 
by 5 

Iy3Z = hyiz = hz = . (27) 

It is trivial to prove that the above conditions are necessary for explicit CP-conservation. 
If any of the above /-invariants [eqs. (|23| ) - (|2l)j) ] are non-zero, then we can immediately 
conclude that no basis exists in which all scalar potential parameters are real. Thus, by 
Theorem 1, the scalar potential would be CP- violating. The proof that the conditions of 
Theorem 2 are sufficient for explicit CP-conservation will now be given, with further details 
provided in Appendices C and D. 

First, we must prove that all four /-invariants listed in eqs. (|23|) - (j26|) are required in the 
formulation of Theorem 2. This may be accomplished by exhibiting four different models 
in which only one of the four /-invariants is non-zero. In Sections IV. A and IV. C, we give 
explicit forms for these four /-invariants in a generic basis [see eqs. (|3*9j) . (EU), an d IjiSjl. 
respectively]. However, as already noted below eq. (J22|) . it is always possible to choose a 
basis in which A7 = — A6- This basis is not unique, since further basis transformations can 
be performed while maintaining A7 = — Xq. In any such basis, three of the /-invariants take 
particularly simple forms: 

Iy3Z = -(A 1 -A 2 ) 2 Im(V 12 A*), (28) 
hY2Z = (Ai - A 2 ) [im(O') + (Y n - V 22 )Im(V 12 A*)] , (29) 
hz = -(Ax - A2) 3 Im(AgAg) . (30) 

5 If eq. 1)27(1 is satisfied in case (ii), then it follows that Izyzz — 0. Thus, the latter is not needed as a 
separate requirement. 
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The expression for hYzz in this basis is more complicated: 

I 3Y3Z = 2Im(F 1 3 2 A 6 (A^) 2 ) - 4Im(Y 1 3 2 (Ag) 3 ) + [(Y n - Y 22 f - 6|Y 12 | 2 ](Yn - F 22 )Im(A 2 A^) 
+ [(Ax - A 3 - A 4 )(A 2 - A 3 - A 4 ) + 2|A 6 | 2 - |A 5 | 2 ] (Y n - F 22 )Im(F 1 2 2 A^) 

+{(Ai - a 2 ) 2 y u y 22 + (4|A 6 | 2 - 2|A 5 | 2 ) [(y u - r 22 ) 2 - |r 12 | 2 ] }im(r 12 A*) 

-(Aj + A 2 - 2A 3 - 2A 4 ){(F n - F 22 )Im(Y 1 2 2 (A*) 2 ) - Im^A^A*) 

+ [{Y n - Y 22 f - \Y 12 \ 2 ] Im(F 12 A 6 A*)} . (31) 

Working in the A7 = —Xq basis, we consider the four models: 

1. Y a i = and Ai 7^ A 2 ; 

2. A 6 = , Ai ^ A 2 and Y n = Y 22 ; 

3. A 5 = , Ax ^ A 2 , Y u = Y 22 = and Re(F 12 A*) = ; 

4. Ai = A 2 . 

Then, in model 1, lyzz = hY2Z = hviz = whereas I%z is potentially non-zero. In 
model 2, Iyzz = hz = hviz = whereas l 2 y 2 z is potentially non-zero. In model 3, 
I2Y2Z = hz = I3Y3Z = whereas Iyzz is potentially non-zero. 6 Finally, in model 4, 
Iy3Z = hz = hY2Z = whereas Izyzz is potentially non-zero. Thus, we have exhibited four 
separate models in which CP is violated explicitly, and in each case only one of the four 
/-invariants is non-zero. This illustrates that all four /-invariants are needed to test whether 
the Higgs potential explicitly conserves or violates CP. 

The requirement of four /-invariants in the formulation of Theorem 2 seems to be in 
conflict with our previous observation that the number of physical parameters of the 2HDM 
includes only two phases [see discussion surrounding eq. (J22)) ]. However, one can show 
that for any particular model, at most two /-invariants need be considered. To verify this 
assertion, we first transform to a basis in which A7 = — A6 and where A6 (and therefore A7) 
are real. 7 Then there are a number of cases to consider, (i) If Ai = A 2 , then I^yzz = 
implies that the Higgs sector is explicitly CP-conserving, (ii) If Ai 7^ A 2 and Y 12 , A 5 and 

6 Note that if A 5 = and Y n = Y 22 , then I 3Y3Z - {(Ai - \ 2 ) 2 Y 11 Y 22 - 16 [Re(y 12 A^)] 2 } Im{Y 12 X* 6 ). 

7 This is always possible as shown below eq. (|22|) . 
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A6 are non-vanishing, then ly^z = hz = implies that the Higgs sector is explicitly CP- 
conserving, (iii) If Ai 7^ A2 and two of the quantities Yi 2 , A5 and A6 are non-zero while 
the third vanishes, then only one /-invariant need be considered. Specifically, for A5 = 
[A 6 = 0], Iyzz = [I 2 Y2Z = 0] guarantees a CP-conserving Higgs sector, whereas for Y 12 = 0, 
I§z — guarantees a CP-conserving Higgs sector. Thus, we have shown that it is sufficient to 
examine at most two /-invariants to determine whether all four /-invariants [eqs. (}2~3*|) - (j26p ] 
simultaneously vanish. 8 

To complete the proof of Theorem 2, we must show that if the four /-invariants given by 
eqs. (|2Hj) - (|2fjj) vanish, then one can find a basis where all Higgs potential parameters are real. 
The proof is most easily carried out by first transforming to a basis in which A7 = — \ and 
where A 6 (and therefore A 7 ) are real. In this basis, the cases of Ai = A 2 and Ai 7^ A 2 must be 
treated separately. First, we consider the case where Ai 7^ A 2 . If A7 = — A6 7^ 0, then Iqz = 
[eq. (J3Uj)] implies that A5 is also real in this basis, and Iyzz = [eq. (|2*%j)] implies that Y\ 2 is 
real. We have therefore achieved a basis in which all scalar potential parameters are real. If 
A6 = A7 = 0, then one can perform a phase rotation on one of the scalar fields so that A5 is 
real, with Y\ 2 potentially complex. In this new basis, if A5 7^ then I2Y2Z = implies that 
Y"i2 is either real or purely imaginary. In the latter case, eqs. (fT2*|) - (fTH) show that a U(2) 
transformation [see eq. with parameters £ = n/2, sin 29 = and x = yields a basis 
in which Ag = — A' 7 = 0, and both A' 5 = — A5 and Y[ 2 are real. Finally, if A5 = A6 = A7 = 0, 
then one can absorb any phase of Y± 2 into a phase redefinition of one of the scalar fields. 

Next, we consider the case where Ai = A 2 in a basis where A7 = — A6- In this case, it 
is always possible to make a further change of basis so that A5, A6 and A7 are real (this 
assertion is Lemma 2, which is proved in Appendix C). 9 In this latter basis where Y\ 2 is 
potentially complex but all other scalar potential parameters are real, eq. (J3~T|) yields the 
following form for the only potentially non- vanishing invariant I 3 Y3Z'- 

I 3Y3Z = 2 Im Y 12 [Ajj + A 5 (Ai - A 3 - A 4 ) - 2X 2 6 ] 

x [4A 6 (Re Y l2 f - (A 3 + A 4 + A 5 - X 1 )(Y n - Y 22 ) Re Y 12 - A 6 (Y U - Y 22 f] . (32) 

8 Of course, to take advantage of this observation in practice, one must be able to take the original model 
and transform to a basis where A 7 = — Ag is real. In general, this may be difficult (and require a numerical 
computation). Thus, in order to test for explicit CP-violation, it is often simpler to directly evaluate all 

four /-invariants in the original basis. 

9 In Appendix C, Lemma 3 demonstrates why the condition of Ai = A2 is crucial to the proof of Lemma 2. 
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Then, I^yzz = implies that one of the following three conditions must be true in a basis 
where all the Aj are real: (i) Y\ 2 is real; (ii) the quantity A5 + X${X\ — A3 — A4) — 2Ag = 0; or 
(iii) the quantity 4A 6 (Re Y l2 f - (A 3 + A 4 + A 5 - X x ){Y xl - Y 22 ) Re Y 12 - A 6 (F n - Y 22 f = 0. 
In Appendix D, we prove Lemma 4 which demonstrates that if Y X2 is complex and either 
condition (ii) or condition (iii) holds, then it is possible to find a basis in which Y X2 is real, 
while maintaining the reality of A5, A6 and A7. Hence it follows that if I^yzz = 0, then 
there exists a basis in which all 2HDM scalar potential parameters are real. 10 The proof of 
Theorem 2 is now complete. 

It is instructive to compare the results of Theorem 2 to one of the basis-dependent 
conditions that has been proposed in the literature. In a generic basis, a sufficient set of 
conditions for an explicitly CP-conserving 2HDM scalar potential is: 

Im (Y? 2 X* 5 ) = Im (y 12 A*) = Im (Y 12 X* 7 ) = Im (X* 5 Xl) = Im (A*A?) = Im (A*A 7 ) = , (33) 

where Y X2 = —m\ 2 . Clearly, if eq. (J33)) is satisfied, then a simple phase rotation of one 
of the scalar fields easily produces a basis in which all the scalar potential parameters are 
real. However, eq. ()33|) is not necessary for CP-conservation. In particular, the following 
statement is generally false: "the Higgs potential is explicitly CP-violating if one or more 
of the quantities listed in eq. (}33|) are non-vanishing." This is most easily demonstrated by 
the following exercise. Start with a model in which all potentially complex scalar potential 
parameters are real. Then, change the basis with a generic U(2) transformation [eq. (fl))]. 
In a typical case, the resulting parameters Y{ 2 , A' 5 , A 6 , and A' 7 in the new basis are complex, 
and one or more of the quantities listed in eq. (}3*3*j) are non-vanishing. Thus, eq. ()33|) is not 
a necessary condition for an explicitly CP-conserving Higgs potential. 11 

Despite the relative simplicity of the forms for Iy3z, I2Y2Z, hz and I^yzz in the A7 = — A6 
basis, realistic models rarely conform to this particular basis choice. The power of the basis- 
independent formulation of Theorem 2 thus becomes evident when considering models where 
the transformation from the generic basis to the A7 = — Xq basis is not particularly simple. 
Fortunately, we possess expressions for these /-invariants in a generic basis [see eqs. (jUHl), 



The U(2) rotation required to go to this basis is explicitly constructed in Appendix D. 
An example that illustrates the same point is a model in which Ai = A2 and A7 = — Lemma 2 of 
Appendix C implies that we can transform to a basis in which all the A^ are real. Nevertheless, in this 
basis, eq. (|32() implies that it is possible to have an explicitly CP-conserving model with I3Y3Z = and 
Im Y 12 j£ 0. 
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()41j) . ()47|) and (j48j) ]. so there is no compelling need to explicitly perform this change of basis. 
For purposes of illustration, let us consider three special models. In model (i), 



Ai = A 2 , A 6 = A 7 and Y U = Y 22 , (34) 
where Y\2, A5 and A6 have arbitrary phases. In model (ii), 

Ai + A 2 = 2(A 3 + A 4 ) , A 5 = and A 6 = A 7 , (35) 
where and Xq have arbitrary phases. In model (iii), 

Ai = A 2 , A 6 = A 7 , Y u = Y 22 and Y 12 , A 5 real , (36) 
where A6 has an arbitrary phase. Model (iii) arises by impo sing on the Higgs potential a 



discrete permutation symmetry that interchanges $1 and $2 

In the three models above, we have used eqs. (|HHJ), (JHJ, P7J) and (f4*KJ) in the generic 
basis to verify that lyzz = I2Y2Z = hz = hvsz = 0. Thus models (i), (ii) and (iii) 
are explicitly CP-conserving. These three models also provide examples of explicitly CP- 
conserving 2HDM potentials where eq. (}3*3*|) is not satisfied. Nevertheless, having verified 
that all the /-invariants vanish, one is assured of the existence of some basis choice for each 
model for which all Higgs potential parameters are real. 

Here, we provide one explicit example in the case of model (iii). Starting from the generic 
basis specified in eq. (I3(ij) . we perform a U(2) transformation [eq. (@J)] with 9 = tt/4 and £ = 0. 
Then, eqs. ©, JTJJ) and (JUJ) yield m' x l = A' 6 = A' 7 = 0, while eq. implies that: 

\' b e 2ix = i(Ai - A 3 - A 4 + A 5 ) - 2Tm A 6 . (37) 

It is now a simple matter to adjust \ so that A' 5 is real. Thus, we have exhibited the U(2) 
transformation that produces the "real basis" of model (iii) in which all scalar potential 
parameters are real. Applying this U(2) transformation to the fields, it is easy to check 
that the resulting real basis exhibits a discrete symmetry $' x — > $' 2 — ► — <E> 2 . Models 
that respect the latter discrete symmetry are manifestly CP-invariant since A' 5 is the only 
potentially complex parameter, whose phase can be rotated away by an appropriate phase 
rotation of $' 2 — > e ix $' 2 . 
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IV. A SURVEY OF COMPLEX INVARIANTS 



In general, it is possible to construct an nth order invariant quantity for any integer value 
of n, where n is the total number of Vs and Z's that appears in the invariant. The vast 
majority of such invariants are manifestly real. In this section, we focus on those invariants 
that are potentially complex. 

The necessary and sufficient conditions for CP-conservation have been presented in The- 
orem 2 and depend on only four potentially complex invariants given by eqs. (J2*3"j) - ()26|) . 
However, new potentially complex nth order invariants arise at every order (for n > 4) that 
cannot be expressed in terms of lower-order invariants. Nevertheless, Theorem 2 guarantees 
that if the /-invariants of eqs. (|23j) - (|26j) vanish, then the imaginary parts of all potentially 
complex invariants must vanish. In particular, we have explicitly verified the following 
statements: 

1. All invariants (of arbitrary order) that are either independent of Z or linear in Z are 
manifestly real. 

2. All invariants of cubic order or less are manifestly real. 

3. Any quartic (i.e., fourth-order) /-invariant is a real linear combination of Iy3z and 

hY2Z- 

4. Any fourth or higher-order /-invariant that is quadratic in Z is proportional to I2Y2Z- 

5. Any fifth-order /-invariant vanishes if lyzz = hY2Z = 0. 

6. Any sixth-order /-invariant that is independent of Y is proportional to Iqz- Moreover, 
if Y a i = then any /-invariant of arbitrary order vanishes if Iqz = 0. 

7. Any sixth order /-invariant that is both cubic in Y and Z respectively is a real linear 
combination of I^yzz and lower-order invariants that vanish if Iyzz = I2Y2Z = 0. 

8. Any sixth order /-invariant that is either linear or quadratic in Y vanishes if Iyzz — 
I2Y2Z = 0. 

Finally, we reiterate that: 

9. Any /-invariant of arbitrary order vanishes if lyzz = I2Y2Z = hz = Izyzz = 0. 
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This last result is a consequence of Theorem 2. The explicit verification of statements 1-8 
is based on a systematic study of potentially complex U(2)-invariant scalars made up of the 
tensors Y a i and Z a i cd -. This study gives us further confidence that the ultimate conclusion 
given by statement 9 above is correct. 

We begin this study by noting that for n = 1, the only invariants are Tr Y, Tr and 
Tr Z&\ all of which are manifestly real. For n = 2, the possible quadratic invariants include 
the products of the first order invariants and Tr (V 2 ), Tr (YZ^), Tr (YZ^), Tr (Z^Z^) 
= (1, 1), (1, 2), (2, 2)], Tr Z^ = Z alcd Z b - ad - c and Tr Z^ = Z aicd Z d - ab5 , where Z^ and 

Z (32) 

are introduced in eq. (|E3|) . 12 By inspection, all such quadratic invariants are manifestly 
real. Turning to the cubic invariants, the enumeration of all possible cases becomes signif- 
icantly more complex. Nevertheless, as shown in Appendix E, it is still possible to verify 
by hand that all cubic invariants are manifestly real. Thus, in order to find a potentially 
complex invariant, one must examine invariants of fourth order and higher. At this point, 
an explicit hand calculation becomes infeasible, and we must employ a computer algebra 
program such as Mathematica to assist in the analysis. For example, consider all possible 
invariants that are independent of Y ab - (such invariants will be called Z-invariants). One can 
use Mathematica to evaluate the imaginary part of each invariant by explicitly considering 
invariants which consist of n-fold products of Z's. These invariants are of the form: 

^a\b\cid\ ^ aibicidi ' ' ' ^a n b n c n d n j (38) 

where one chooses the indices \b\, d%, 62, ^2, • • • , b n , d n } to be a particular permutation of 
{ax, ci, a 2 , C2, • • • , a n , c n }, and then sums over the repeated indices as usual. By considering 
all possible permutations, one generates all (2n)! possible invariants (many of which are 
trivially related to others in the complete list of invariants). One can automate the compu- 
tation with a Mathematica program and compute the imaginary part of all (2n)! invariants 
subject to the constraints of computer time. The procedure can be generalized to include 
some number of Y a i. In particular, it is easy to show (without computer assistance) that 
all invariants that are independent of Z (such invariants will be called ^-invariants) are 
manifestly real, due to the hermiticity property of Y a i. 



12 Note that the determinants of Y, and Z^> are also quadratic invariants, but these can be expressed 
in terms of invariants already given above due to the identity detM = ^[(Tr M) 2 — Tr (M 2 )] which is 
satisfied by any 2x2 matrix. 
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A. Fourth-order potentially complex invariants 

Among the quartic invariants, we first construct all possible quartic Z-invariants. By 
an explicit Mathematica computation, we were able to show that all 8! = 40, 320 quartic 
Z-invariants are manifestly real. 

We next search for potentially complex quartic invariants that are linear in Y . We display 
one potentially non-zero /-invariant below: 

IY3Z = I m (Za£ %il ZbecdYda) 

= 2(|A 6 | 2 - |A 7 | 2 )Im[r 12 (A* + A;)] + (X 1 - A 2 ) [lm(F 12 A*) - Im[F 12 A*(A 6 + A 7 )]] 
+(Y n - Y 22 ) [lm[A*(A 6 + A 7 ) 2 ] - (Ax - A 2 )Im(A 7 A 6 )] , (39) 

where 

A = (A 2 - A 3 - A 4 )A 6 + (Ax - A 3 - A 4 )A 7 . (40) 

Using Mathematica, we have evaluated the imaginary part of all 7! = 5,040 possible invariants 
that are linear in Y and cubic in Z. We find that the result either vanishes or is equal to 

±/y3Z- 

Next, we examine potentially complex quartic invariants that are quadratic in both Y 
and Z. We display one potentially non-zero /-invariant below: 

I 2Y2Z = I m (Yab Y cd Z badf Z fc!) 

= (Ax - A 2 )Im(Y 1 2 2 A;) - (Yn - Y 22 ) [Im(y 12 A*) + Im(F 12 A*(A 6 + A 7 ))] 

-Im[(r 12 A*) 2 ] + Im[(F 12 A;) 2 ] + [(Y ±1 - Y 22 f - 2\Y l2 \ 2 ] Im(A?A 6 ) . (41) 

Moreover, we find as before that the imaginary parts of all such invariants (there are 6!=720 
invariants that are quadratic in both Y and Z) either vanish or are equal to ±I 2 y 2 z- 

It is easy to show that quartic invariants that are cubic in Y (and therefore linear in Z) 
are manifestly real. In particular, there are only two such invariants that are not a product 
of lower order invariants: Tr (Y 3 Z^) and Tr (Y 3 Z ( - 2 ^). Both these invariants are manifestly 
real due to the hermiticity properties of Y, Z^ and Z^ 2 \ 
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B. Fifth order potentially complex invariants 



We begin by constructing all possible fifth-order Z-invariants. Again, with the help of 
Mathematica, we found that all 10! = 3, 628, 800 Z-invariants are manifestly real. Next, 
we considered the F4Z-invariants, i.e. the fifth-order invariants that are linear in Y. After 
computing the imaginary parts of all 9! = 362, 880 such invariants, we found that only one 
genuinely new potentially complex invariant emerged. The corresponding /-invariant is : 

I Y AZ = ^ m [ Z ^b Z bacd Z fs Z ecfgY g f] 

= -XJysz + (Ai - A 2 )Im[F 12 (A* + A 7 ) 2 (A* - A?)] 

+Im[y 12 A*(A 2 A 7 - AyAg)] + Im[F 12 A 5 (A* 2 - A 7 2 )(A* + A?)] 

+| (-(Ai - A 2 )(A X + A 2 - 2A 3 - 2A 4 ) + |A 7 | 2 - |A 6 | 2 ) Im[F 12 A;(A 6 + A 7 )] 

-\ ((Ai - A 2 ) 2 - |A 6 | 2 - |A 7 | 2 ) Im[F 12 A;(A 6 - A 7 )] 

+i(Ax - A 2 )(2|A 5 | 2 - |A 6 | 2 - |A 7 | 2 )Im[F 12 (A* + A?)] 

+|(Ai - A 2 )(|A 6 | 2 - |A 7 | 2 )Im[F 12 (A* - X* 7 )} 

+UY U - Y 22 ) [4(|A 6 | 2 - |A 7 | 2 )Im(A 6 A 7 ) + (Ai - A 2 )Im[A*(A? - A 2 )] 

+(Ai + A 2 - 2A 3 - 2A 4 )Im[A*(A 6 + A 7 ) 2 ]] , (42) 

where Iy3z is given by eq. (J39|) . In addition, we have explicitly verified that the imaginary 
parts of all potentially complex F4Z-invariants reduce to a linear combination of Iyaz and 
the product of Iyj,z times a linear combination of Tr[Z^ 1 - ) ] and Tr[Z^ 2 ']. 

The fact that Iy^z is a "new" /-invariant means that one cannot express Iyaz as a 
sum of terms, each of which is the imaginary part of a product of lower-order invariants. 
Nevertheless, one can show that if Iyzz = hY2Z = 0, then it follows that Iyaz = 0. This 
is most easily accomplished in the basis where A 7 = — A6- In this basis, eq. (I42j) simplifies 
enormously: 

h±z = (Ai - A 2 ) 2 [A 4 Im(F 12 A*) - Im(F 12 A 6 A*)] . (43) 

If Y12 = in the A 7 = — A 6 basis then I Y az = 0. Alternatively, if Y 12 ^ 0, then we make use 
of: 

Im(F 12 A 6 A*) = [lm(F 1 2 2 A*)Re(F 12 A*) - Im(F 12 A*)Re(y i 2 2 A;)] . (44) 

l r 12| 

Since Iyzz = hY2Z = implies that either Ai = A 2 or Im(l^|A|) = Im(Yi 2 Ag) = [see 
eqs. (J2*8j) and (|25J)]. one can again conclude that Iy4z = 0. Having proved that the invariant 
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Iyaz vanishes in one basis, it immediately follows that Iyaz = in all basis choices. 

Similarly, we have analyzed the 2F3Z-invariants, i.e., the fifth-order invariants that are 
quadratic in Y and cubic in Z. Again, we have computed the imaginary parts of all 40, 320 
such invariants. We have explicitly verified that any potentially complex fifth-order invariant 
of this type is a linear combination of Iyzz (with coefficient proportional to Tr Y), I2Y1Z 
(with coefficient proportional to a linear combination of TrfZ^] and Tr[Z( 2 )]) and one new 
potentially complex invariant form. A particular choice for the new /-invariant is: 



One could write out the explicit expression for I2Y3Z [as we did in eq. for Iyaz) ■ However, 
for our purposes, it is sufficient to give the form of I2Y3Z in the A7 = — A6 basis: 



hrsz = (Ai - A 2 ) } + 2(^1 - r 22 )Im[r 12 A*A 6 ] - (X 1 + A 2 - 2A 3 )Im[Y 1 2 2 A*] 



Again, it must be emphasized that I2Y3Z is a "new" /-invariant in the sense that one cannot 
express I2Y3Z as a sum of terms, each of which is the imaginary part of a product of lower- 
order invariants. Nevertheless, Iy3z = I2Y2Z = implies that I2Y3Z = 0. 13 

The remaining cases are easily treated. We explicitly verified that any fifth-order invari- 
ants that is cubic in Y and quadratic in Z is proportional to (Tr F)/ 2 y 2 z- It is also simple to 
show that all fifth-order invariants that are linear in Z are manifestly real. In particular, the 
only two inequivalent invariants of this type that are not products of lower order invariants 
are Z^JY^Y^c an d Z^gY^Y^. By explicit calculation, using the hermiticity properties of 
Y and Z, it is straightforward to verify that both these invariants are real. We have pre- 
viously noted that all pure Y~-invariants are manifestly real. This completes the proof that 
all potentially complex fifth-order invariants are linear combinations of Iy3z and / 2 y 2 z or 
forms that vanish when Iy3z — I2Y2Z — 0. That is, the consideration of potentially complex 
fifth order invariants does not establish any new independent conditions for CP violation. 



This is easily verified after noting that ImfY^Ag 2 ) = 2Im(Yi 2 Ag)Re(Fi 2 A6). 



hY3Z — ^ m [ZacbeZ c f d bZ e g fh YgaY hd } . 



(45) 



2A 4 (Fii - y 22 )Im(y 12 A*)] . 



(46) 
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C. Sixth-order potentially complex invariants 



Two new independent conditions for CP violation arise from the study of sixth-order po- 
tentially complex invariants. We begin by constructing all possible sixth-order Z-invariants. 
It is here that we encounter the first potentially complex Z-invariants. One potentially 
non-zero /-invariant is: 

hz = I m (-^o6cd-^6/ ^dh ^fajk^kjmn^nmhc) 

= 2|A 5 | 2 Im[(A;A 6 ) 2 ] - Im[A* 2 (A 6 - A 7 )(A 6 + A 7 ) 3 ] + (A x - A 2 )|A 5 | 2 Im[A*(A 6 + A 7 ) 2 ] 



+2Im(A;A e 



|A 5 | 2 [|A 6 | 2 + |A 7 | 2 - (Ax - A 2 ) 2 ] - 2(|A 6 | 2 - |A 7 | 2 ) 2 



-(Ax - A 2 )Im(A^A 2 ) - 2(|A 6 | 2 - |A 7 | 2 )Im[A;A(A 6 + A 7 )] 



"(Ai — A 2 



im [A(A 7 Ag 2 + a 6 a; 2 - |A 7 | 2 A* - |a 6 | 2 a; 



+2im [a 5 ((|A 6 | 2 + |a 7 | 2 )a*a; - A 7 Ag 3 - a 6 a; 3 )] 



(47) 



where A is defined in eq. (I4(J|) . 

Theorem 2 implies that if Y a i = and hz = 0, then any Z-invariant is real. Consequently, 
the imaginary part of any sixth-order Z invariant must be equal to chz, for some real 
constant c. Our proof of Theorem 2 in section IIHI leaves no doubt as to the veracity of this 
conclusion. Nevertheless, it is instructive to check this assertion explicitly. Unfortunately, a 
complete survey of all possible 12! = 479, 001, 600 sixth-order complex Z-invariants is beyond 
the capability of our desktop computers. However, we were able to examine roughly nine 
million sixth-order Z-invariants, and in these cases the imaginary part of each sixth-order 
Z-invariant either vanishes or is equal to ±hz or ±2/gz- 

If Ai 7^ A 2 in a basis where A 7 = — A6, then Theorem 2 implies that lyzz = hY2Z = hz = 
is a necessary and sufficient condition for an explicitly CP-conserving 2HDM scalar potential. 
However, the case of Ai = A 2 and A 7 = — A 6 (where Iyzz = hY2Z = hz = is automatic) 
must be treated separately. In this latter case, the condition for CP violation depends on 
an independent invariant that first arises at sixth order and is made up of three Y and three 
Z factors (henceforth denoted as 3y3Z-invariants). 

Thus, we have constructed all possible 3y3Z-invariants and examined their imaginary 
parts. Of course, some of these will simply be linear combinations of lower-order invariants 
already examined. A complete survey of the imaginary part of all possible 91=362,880 
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3F3ij-mvariants yields one new independent /-invariant. A representative choice is: 

hY3Z = Im(Z ' a5b jZ cS dgZ ehfqygaXhlXqs) 

= (Y 11 - Y 22 ) [(Ax - A 3 - A 4 )(A 2 - A 3 - A 4 ) - |A 5 | 2 + |A 6 | 2 + |A 7 | 2 ] Im[>f 2 A*] 
+[{Y U - Y 22 ) 2 - \Y 12 \ 2 ] |A 5 | 2 Im[F 12 (A; - A*)] - Y n Y 22 (X 1 - A 2 ) Im[Y 12 A*] 
+2 l(Y n - Y 22 f + Y n Y 22 - \Y 12 \ 2 } [|A 7 | 2 Im(y 12 A*) - |A 6 | 2 Im(r 12 A 7 )] 
+2Y U Y 22 [|A 7 | 2 Im(Y 12 A* 7 ) - |A 6 | 2 Im(Y 12 A*)] 

+(Ai - A 2 )Y u Y 22 Im[Y 12 A*(A 6 + A 7 )] - l(Y n - Y 22 f - |y 12 | 2 ]Im(Y 12 A£A) 
-(Yn - Y 22 )[{Y xl Y 22 + \Y 12 \ 2 ) [lm[A*(A 2 + A 2 )] - (X x - A 2 )Im(A 6 A?)] 

+(Yii + Y 2 \ - 4|Y 12 | 2 )Im[A*A 6 A 7 ] - (Ai + A 2 - 2A 3 - 2A 4 )rm[Y 1 2 A*A 7 ]} 
+Im[F 1 3 2 A;A*] + 2Im[Y 1 3 2 A*A 7 (A* - A?)] + ImfY 3 ^) 2 ^ - A 7 )] , (48) 

where A is defined in eq. (14 (J |) and 

A = (A 2 - A 3 - A 4 )A 6 - (A: - A 3 - A 4 )A 7 . (49) 

We have explicitly verified that the imaginary part of any 3Y3Z invariant is a real linear com- 
bination of / 3 y 3 z, (Tr Y)I 2 Y3z, [Tr Y] 2 Iy3z, [Tr Y 2 ]Iy3z, Tr [Y Z^\I 2 y 2 z , Tr [YZ^]I 2Y2Z 
and (Tr Y Tr Z^ x >)I 2 y 2 z- xa In a basis where A 7 = — A6, / 3 y 3 z reduces to the expression given 
by eq. (pITj) . Indeed, I^yzz is non-zero in explicitly CP- violating models with A 7 = — A6 and 
Ai = A 2 , which confirms that it is a necessary ingredient in the formulation of Theorem 2. 

Among other sixth order invariants, all 6Y and Z5Y invariants are manifestly real. A 
2Z4Y invariant is potentially complex, but its imaginary part must be proportional to some 
linear combination of (Tr Y) 2 I 2 y 2 z and (Tr Y 2 )I 2 y 2 z- This leaves two interesting cases: the 
Y5Z and 2Y4Z invariants, which we now consider in more detail. 

A partial scan of the imaginary part of 10! = 3628800 2Y4Z- invariants and 11! = 
39916800 Y5Z-invariants has been performed, and our results yield two genuinely new 
potentially complex invariants, whose imaginary parts we designate by I 2 yaz and Iy5Z, 
respectively. The resulting expressions in a generic basis are quite complicated and not very 

14 Note that Tr FTr Z^> = Tr FTr Z^> - Tr [Y(Z^ - Z&)]. 
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illuminating. Hence, here we provide only the explicit forms in a basis where A7 = — \&: 

hYAZ = I m (^6^ ZcedfZeqfrZgbhdYqgKh) 

= (Ai - A 2 ){(A 1 + A 2 )Im(n 2 2 Af ) - (X 1 X 3 - |A 5 | 2 - 2|A 6 | 2 )Im(Y 1 2 2 A*) 
+ [2(AiFn - A 2 F 22 ) - (A 3 + A 4 )(Fn - Y 22 )} Im(F 12 A 6 A*) 
+ [2|A 5 | 2 (Fn - F 22 ) - (A 3 + A 4 )(A 1 F 11 - A 2 F 22 )] Im(F 12 A*) 
- [(Y u - Y 22 f - 2|F 12 | 2 ] Im(A 2 A*)}, (50) 

and 

IY5Z = I m (-^6c' ) ZcbdeZedfgZgg Z q j rS Y sf ) 

= (Ai - A 2 ) 2 {(r n - F 22 )Im(A 2 A;) - (A x + A 2 ) Im(F 12 A 6 A*) 

+ [A 4 (A! + A 2 ) + A 2 - |A 5 | 2 ]Im(F 12 A*)} . (51) 

If Y\2 7^ in the A7 = — A6 basis, then we can use: 

Im(A 2 A*) = — [Re(Yi 2 Ag) Im(F 12 A 6 A^) - Re(y 12 A 6 A*) Im(F 12 A*)] (52) 

I y 12 1 

along with eqs. (|2~%j). (|2^|) and (JUJ) to conclude that both I 2 yaz and Iy^z vanish if I Y zz = 
I2Y2Z = 0. 15 However, if Y\ 2 = in the A7 = — A6 basis, then all invariants of nth order 
with n < 5 are real. In the latter case, both I 2 yaz and Wbz can still be non-vanishing, 
which demonstrates that these are new /-invariants. Nevertheless, by the same argument 
as before, we may conclude that if Iy3z = I2Y2Z = hz = 0, then both I 2 yaz and Iy5z 
must vanish. For this reason, I 2 yaz and lyhz need not be independently considered in the 
formulation of Theorem 2. 16 In particular, Iqz is included in the statement of Theorem 2, 
since (unlike I 2 yaz and Iy5z) hz can be non-zero even when Y a i = 0. 

We have verified 17 that the imaginary part of any 2Y4Z invariant can be expressed as 
a real linear combination of I 2 yaz, ^2Yzzi I2Y2Z and Iyzz- Likewise, the imaginary part of 
any Y5Z invariant can be expressed as a real linear combination of Iybz, Iyaz and Iyzz- 111 

15 Although this result is demonstrated in the A7 = — A6 basis, the conclusion must hold for all basis choices. 

16 However, it is not possible to express either I2YAZ or Iy5Z as a linear combination of Iqz Iy3Z and I2Y2Z 
with corresponding coefficients that are invariant quantities. 

17 Our conclusion is based on a partial scan of about two million invariants. However, the arguments in the 
next sub-section strongly suggest that the following results apply to all 2YAZ and YhZ invariants. 
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both cases, each of the corresponding coefficients of the linear combination of terms are real 
invariant quantities. As an explicit illustrative example, we have verified: 



Im 



Z cbds Z ed fgZgqhfY q fY rh 



W - \ [Tr(Z<»Z®) - §[TrZ«] 2 + Z a - cbd -Z caS } hv2Z 



\TrZ^I 2Y3Z + \TiYI YAZ - \ [Tr(Z^Y) + ±Tr Y TrZ&] I Y3Z . (53) 



D. General results for nth-order potentially complex invariants 

The analyzes of Sections IV. A and IV. B permit us to conjecture a number of results that 
we expect to hold for complex invariants of arbitrary order. These results provide a method 
for identifying the number of "new" potentially complex invariants at any order. As before, 
we define a "new" nth order /-invariant to be one that cannot be written as a sum of terms, 
each of which is the imaginary part of a product of known invariants of order < n. By this 
definition, "new" /-invariants arise at each order (for n > 4). However, as previously stated, 
if Iy3z = I2Y2Z = hz = I3Y3Z = 0, then any new /-invariant that arises must also vanish. 

Consider an arbitrary nth order /-invariant l v y q z made up of p factors of Y and q = n — p 
factors of Z. In a basis where A7 = — A6, for p < 3 

W = (Ai - A 2 ) 3 ~ p Im P(Y 12 , A 5 , A 6 ) , (54) 

where P is a polynomial of its arguments and their complex conjugates constructed such 
that each term in the sum contains p factors of Y a i and q + p — 3 factors of the Aj, with the 
constraint that the weight of each term in the sum is zero. Here, we define the weight w 
according to the rules: 10(^12) = +1, w(As) = +2, w(Xe) = +1, w(x*) = —w(x) for any x 
and w(xy) = w(x) + w(y) for any x, y. 18 

The polynomial P possesses one additional property of note: it does not vanish in the 
limit of X\ = A2 (assuming that P 7^ in general). That is, the behavior of l v y q z in the 
Ai — > A2 limit is specified explicitly in eq. (}54j) . If p > 3, then l v y q z = 0. For example 
at sixth order, Tr (Y 2 )l2Y2Z is a potentially non-vanishing /-invariant with p = 4, but this 
does not constitute a new /-invariant by the above definition. 

18 Formally, the weight w — w(x) for any scalar potential parameter x is defined such that x — > e %wS x under 
a redefinition of one of the scalar fields by $1 — > e* e $i. Of course, w = for any real scalar potential 
parameter. 
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Eq. (pH) is consistent with all the results of Sections IV. A and IV. B. It also provides an 
explanation for the absence of complex invariants of low order. For example, if we apply 
eq. (|54|) and attempt to construct I$z, we would need to find a polynomial P with a non-zero 
imaginary part that is quadratic in the Aj. No such polynomial exists, and we conclude that 
hz — 0. We can also use eq. (|54|) to predict the results of higher order invariants. For 
example, all seventh and eighth order Z-invariants must be proportional to I§z (a result 
that we have confirmed by limited scanning). However, a "new" Z-invariant arises at ninth 
order, which in the A7 = — Xq basis must have an imaginary part that is a linear combination 
of I%zPz{Xi) and (Ai — A2) 3 Im^AgAjJ) 2 ], where /^(Aj) is a real cubic polynomial of the Aj. 
Although this is a new /-invariant, it clearly vanishes when I 6 z = 0. 

Finally, eq. (J54j) strongly suggests that there is only one new 2YAZ /-invariant and one 
new Y5Z /-invariant, since in each case, only one new term, Iu^AgAg) arises that did not 
appear in lower-order invariants (in the A7 = — Xq basis). 19 

V. IMPLICATIONS FOR SPONTANEOUS CP- VIOLATION 

If a Higgs potential is explicitly CP-conserving, then there exists a so-called "real basis" in 
which all the Higgs potential parameters are real. A theory with an explicitly CP-conserving 
Higgs sector may be CP-violating if the vacuum does not respect the CP-symmetry. In this 
case, we say that CP is spontaneously broken Q]. To determine whether CP is spontaneously 
broken, one must check whether the vacuum is invariant under time reversal. We assert the 
following theorem, which is proved in Appendix F: 

Theorem 3: Given an explicitly CP-conserving Higgs potential, the vacuum is time- 
reversal invariant if and only if a real basis exists in which the Higgs vacuum expectation 
values are real. 

Theorem 3 requires one to verify the existence or nonexistence of a basis with certain 
properties. However, these theorems can be reformulated in a basis-independent language. 

19 Unfortunately, this argument fails to explain the existence of only one 3Y3Z /-invariant, a fact that has 
been confirmed only by a complete scan over all possible invariants of this type. 
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Here, we follow ref. ^j], and introduce three U(2)-invariants 



yj, = v?Y ai z£>v d , (55) 

1 4 t 



\v J2 = v- b v* 5 Y bs Y c fZ eaf aV a v d , (56) 
J 3 = vlv* 5 Zj^Z ( ^Z eafd nj a v d , (57) 

where ($°) = vv a /\/2, with t> = 246 GeV and ? is a unit vector in the complex two- 
dimensional Higgs flavor space. The scalar potential minimum condition is easily derived 
from eq. (fTfij): 

+ yZ aBcS v* s v d ] = 0. (58) 
Thus, we may eliminate Y in the expressions for J\ and J 2 : 

Ji = y a %Z^ e jZ { yv d v f , (59) 

J 2 = ^^4 5 S%Aa/diWr ■ (60) 

Since Im Y" 12 is determined by the scalar potential minimum conditions in terms of Im A5 6,7, 
one is left with three potentially complex parameters in a basis where v is real. These are 
in one-to-one correspondence with J%, J 2 and J 3 . 

Theorem 4: Consider the 2HDM scalar potential in some arbitrary basis. Assume that 
the minimum of the scalar potential preserves U(1)em- Then, the Higgs sector is CP- 
conserving (i.e., no explicit nor spontaneous CP- violation is present) if J\, J 2 and J3 defined 
in eqs. (J55|) -(|57 |) are real 

If the Higgs sector is CP-conserving, then according to Theorem 3 some basis must exist 
in which the Higgs potential parameters and the Higgs field vacuum expectation values are 
simultaneously real. But in that case, we may immediately conclude that the invariant 
quantities Ji, J 2 an d J3 must be real. Conversely, the reality of J ls J 2 and J 3 provide 
sufficient conditions for a CP-invariant Higgs sector. This result is proven in refs. 11] and 
(4J], 20 and we do not repeat the proof here. 

Note that eqs. ()55 |) — (|57 |1 are considerably simpler than the invariants that govern explicit 
CP-violation of the Higgs potential [eqs. (|2^|) -(|2^ |) ]. However, these two sets of invariants 



20 In fact, there are at most two independent relative phases among Ji, Ji and J3. However, as shown 
in ref. there are cases where two of the three invariants are real and only one has an non- vanishing 
imaginary part, which shows that one must check all three invariants in order to determine whether the 
Higgs sector is CP-invariant. 
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serve different purposes. To answer the question of whether the Higgs sector is CP-invariant, 
one must first choose a basis and minimize the scalar potential. Having found v a , one may 
now compute J\, J2 and J3. If these invariants are all real, then the Higgs potential is 
explicitly CP-invariant and there is no spontaneous CP-violation. If at least one of the 
invariants J\, J 2 and J3 is complex, then the Higgs sector is CP- violating. However, in 
this latter case, one must evaluate the four /-invariants given in eqs. ()23 |) -()26 |) to determine 
whether CP is spontaneously or explicitly broken. If these four /-invariants all vanish, then 
CP is spontaneously broken. If at least one of these is non-zero, then CP is explicitly broken. 
These conclusions are summarized in our final theorem: 

Theorem 5: The necessary and sufficient conditions for spontaneous CP- violation in the 
2HDM are: (i) ly^z = I2Y2Z = hz = hviz = 0, and (ii) at least one of the three invariants 
Ji, J2, and/or J 3 possesses a non- vanishing imaginary part. If (i) is not satisfied then (ii) is 
necessarily true, and the CP-violation is explicit. If (ii) is not satisfied, then (i) is necessarily 
true, and the Higgs sector is CP-conserving. 

We provide two simple examples. First, ref. considers a model in which m\ 2 = \ = 
A7 = and A5 is real and positive. Minimizing the scalar potential yields a purely imaginary 
V2/V1. Nevertheless, a simple relative phase redefinition of the two Higgs fields by tt/2 yields 
a real basis with real vacuum expectation values. (In the new basis, A' 5 < and all other 
Higgs potential parameters are unmodified.) Hence, this model is CP-conserving. 

Second, consider a Higgs potential that satisfies eq. (}36|) . with A6 real, which was proposed 
in ref. Q]. That is, all scalar potential parameters of this model are real, and the Higgs 
potential is explicitly CP-conserving. In this case, a minimum of the scalar potential exists 
where V\ = V2 and the relative phase of the two vevs, £ 7^ 0. That is, we may write 
y/2v = (e - *^ 2 , e 1 ^ 2 ). Nevertheless, ref. proved that this model is CP-conserving. We 
may explicitly verify this assertion by performing a U(2) transformation given by eq. (@J) with 
■0 = £/2, x — 7r /2 and 6 = 7r/4. We find that A5 = — A 5 , m[l = m 2 2 sin£, A 6 = A' 7 = A 6 sin£ 
are all real and v' — (1 , 0). Thus, we have established a basis in which all scalar potential 
parameters and the vacuum expectation values are simultaneously real. 

Of course, the absence of spontaneous CP-breaking in both examples can also be con- 
firmed by checking that the invariants J\, J2 and J3 are all real. 
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VI. CONCLUSIONS 



The connection between the CP property of a general scalar potential and the parameters 
of the potential and vacuum expectation values of the Higgs fields is governed by two well- 
known theorems. The first, proven here as Theorem 1, states that the Higgs sector is 
explicitly CP-conserving if and only if there exists a real basis, that is choice of basis (in 
the Higgs "flavor" space) in which all the scalar potential parameters are real. The second 
theorem, proven here as Theorem 3, states that the vacuum is CP-invariant, implying the 
absence of both explicit and spontaneous CP violation, if and only if there exists a real basis 
in which the Higgs vacuum expectation values are real. In this paper, we have established a 
simple procedure for determining whether or not a general 2HDM is explicitly CP-conserving 
by employing a set of four potentially complex basis-independent invariant combinations of 
the Higgs potential parameters. At least one of these invariants possesses a non-vanishing 
imaginary part if and only if no real basis exists. 

The imaginary parts of the four complex basis-independent invariants that govern the 
explicit CP- violation properties of the 2HDM scalar potential are lyzz [eq. (f39))]. I2Y2Z 
[eq. (|4ip]. Iqz [ e q (|47))] and I3Y3Z [eq. (03)] • We have shown that a real basis exists, 
implying that the 2HDM potential is explicitly CP-conserving, if and only if Iyzz = I2Y2Z = 
Iqz = I3Y3Z — 0. We refer to these invariant imaginary parts as /-invariants. 

Note that the above conditions are not sufficient to guarantee that the scalar sector 
conserves CP, since the minimization of the scalar potential may generate complex vacuum 
expectation values (vevs). As stated above, if the vevs possess a non-zero relative phase 
in all real basis choices, then the model spontaneously breaks CP. One can formulate basis 
independent conditions for spontaneous CP- violation. First, one must prove that the Higgs 
sector is explicitly CP-conserving (the corresponding invariant conditions have been given 
above). Spontaneous CP- violation depends on the properties of the Higgs field vevs, v a , 
which can be combined with the Higgs potential parameters to construct additional invariant 
quantities. Such invariant conditions have been previously obtained in ref. Ill ], and are 
exhibited in section Combining the information from these two classes of invariant 
conditions, one can distinguish between explicit and spontaneous CP-violation in the 2HDM. 

The phenomenological consequences of our invariants will be considered in a forthcoming 
paper. To apply the basis-independent technology to experimental studies, one would have 
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to examine various CP-violating observables and express them in terms of our invariant 
quantities. The LHC would provide the first possible arena for such studies. However, 
the number of Higgs observables that could be extracted from LHC analyzes is limited. 
We anticipate that Higgs-mediated CP-violating effects are likely to be small, and their 
extraction will surely require precision measurements. A future high energy e + e~ linear 
collider such as the ILC could provide the required luminosity and precision to begin a 
program of CP- violating Higgs phenomenology. We plan on examining possible CP-violating 
observables and determining their sensitivity to the /-invariants. This analysis will require 
a better understanding of the relation of the /-invariants to the mixing of CP-even/CP-odd 
neutral Higgs boson eigenstates. 

Perhaps the most attractive 2HDM model is the one associated with the minimal super- 
symmetric extension of the Standard Model (MSSM) Indeed, the tree-level Higgs sector 
of the MSSM is CP-conserving. However, when loop-effects are included, supersymmetry 
breaking effects, which enter via the loops, can impart non-trivial phases to parameters of 
the effective 2HDM scalar potential pj,ll2|. 21 One can therefore express the /-invariants 
in terms of fundamental MSSM parameters. This may lead to relations among the four 
/-invariants introduced above, depending on the model of supersymmetry breaking. 

Ultimately, if nature employs a 2HDM as an effective theory of electroweak symmetry 
breaking, it will be crucial to determine whether Higgs-mediated CP-violation exists and 
determine its structure. By devising experimental probes of the four /-invariants, we hope 
to provide a model-independent technique for elucidating the fundamental theory that is 
responsible for Higgs sector dynamics. 
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APPENDIX A: EXISTENCE OF A REAL BASIS 



In this appendix, we prove Theorem 1 that was quoted at the beginning of section IIII1 
Theorem 1: The Higgs potential is explicitly CP-conserving if and only if a basis exists in 
which all Higgs potential parameters are real. Otherwise, CP is explicitly violated. 

A basis in which all Higgs potential parameters are real will be called a real basis. In 
order to prove Theorem 1, one can either consider the most general CP transformation laws 
of the scalar fields or invoke the CPT theorem [18[ and consider the most general scalar field 
transformation laws under time-reversal. Here we choose the latter procedure. 22 Following 
ref. |.19], we note that the form for the action of the anti-unitary time-reversal operator T 
on a set of scalar field multiplets is given by 

T* a {3,t)T- 1 = j*(UT)*M2> -*) » T*\{3,t)T- 1 = ^(x, -t)(U T ) m e^ . (Al) 

where Ut is a symmetric unitary matrix that depends on the choice of basis. The arbitrary 
phase factor e*^ corresponds to the freedom to make U(l)y transformations. 23 To prove 
that Ut is symmetric, we apply the time reversal operator twice and use the well known 
result that T 2 Q a (x,t)T~ 2 = $ a (af,i); that is, T 2 = 1 when applied to a bosonic field j^j]. 
Applying this result to eq. (jAlj) yields U t Ut = I, due to the anti-unitarity of T. Since Ut 
is unitary, it follows that Ut must satisfy U£ = Ut- The (canonical) kinetic energy terms 
of the scalar field theory are automatically time-reversal invariant. It then follows that the 
scalar Lagrangian is time- reversal invariant if the scalar potential satisfies: 24 

T V($, M) T- 1 = V(U T ®, { P *}) = V($, M) , (A2) 

where {p} represents the Higgs potential parameters appearing in V, and the complex con- 
jugated parameters {p*} appear above due to the anti-unitarity of T. If eq. flA2|) is satisfied, 
then the action is invariant under time-reversal transformations. 

Suppose that a basis exists in which all the Higgs potential parameters are real. In this 
case, we may choose Ut — 1, in which case eq. (|A2|) is trivially satisfied. To complete 



22 In ref. the CP transformation of the scalar fields in the real basis are used to prove that the scalar 
Lagrangian is CP-invariant. 

23 More generally, the time reversal operator is defined modulo SU(2) xU(1)y gauge transformations that 
leave the Lagrangian invariant (and hence do not modify the scalar potential parameters) . 

24 We henceforth omit exhibiting the explicit dependence of the fields on the space-time coordinates. 
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the proof of Theorem 1, we must show that a basis exists in which all the Higgs potential 
parameters are real if eq. (jA2j) is satisfied. First, we examine the quadratic part of the Higgs 
potential, which we can write in matrix notation as: 

V 2 = , (A3) 

where Y is a hermitian matrix. Time reversal invariance of V2 requires 

= &U\Y*U T <& = $ f y$ , (A4) 

where we have used TYT^ 1 = Y*. Eq. ()A4j) implies that 

U\Y*U T = Y . (A5) 

As shown in Appendix El since Ut is unitary and symmetric, we can write 

U T = V T V, (A6) 

where V is unitary (but not necessarily symmetric). As a result, eq. (|A5|) will be true if 

yiy*Y*v T V = Y , (A7) 

which can be converted to 

(VYV ] )* = VYV ] . (A8) 

That is Y' = VYV ] is real. But, Y' is simply Y in the new basis $' = VQ. Thus, there 
exists a basis in which the parameters of V2 are real. 

A similar computation can be performed for the rest of the terms appearing in the scalar 
potential. In particular, if we write the quartic part of the Higgs potential as: 

V 4 = iZ a5cJ ($|$ 6 )($^), (A9) 

then the analog of eq. (jA5|) is 

{U ] T ) e - a {U T ) bf {U ] T ) g ,{U T ) d}l Z: lcE = Z efVh . (A10) 
We again apply eq. (jA6|) and conclude that 

[V P - a V^V r ,VJ,Z alc i* = V p ,Vj q V r ,vl s Z eJg - h . (All) 
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That is, the unitary transformation V produces the basis in which all the Higgs potential 
parameters are real. 

Conversely, if no basis exists in which the Higgs potential parameters are real, then 
no unitary matrix V exists such that eqs. (jA8|) and (jAllj) are simultaneously satisfied. 
Following the above proof in the backward direction, one can conclude that no choice of a 
unitary symmetric matrix Ut exists that satisfies eq. (|A2|) . 

In some cases (see below), more than one suitable time-reversal operator exists. Any 
one of these operators can be used to demonstrate that the Higgs potential is explicitly 
CP- invariant. Nevertheless, in order to ascertain that the Higgs sector is invariant under 
CP, it is necessary to verify that the vacuum is also CP-invariant (equivalently time-reversal 
invariant). In particular, the vacuum may select out a unique time- reversal operator, as 
shown in Appendix F. (If the vacuum is non-invariant with respect to all possible candidate 
time-reversal operators, then time-reversal invariance is spontaneously broken.) Thus, it is 
important to consider the possible non-uniqueness in the definition of T given in eq. (|A1)) . 

For an explicitly CP-conserving Higgs potential, a real basis must exist. However, the real 
basis is not unique. In particular, given a real $'-basis, there exists an 0(2) xP subgroup 
of U(2) consisting of 2 x 2 unitary matrices W a i such that the scalar potential parameters 
remain real under $>' a — > = W a i§' b . Here, T> is the maximal discrete subgroup of U(2) 
that is a symmetry of the Higgs Lagrangian. In addition, one is free to make U(l)y phase 
rotations, which simply reflects the fact that Ut is only defined up to an overall phase. If T> 
is trivial, then W is an orthogonal transformation and Ut = I (up to an overall phase) in 
any real basis. If T> is nontrivial, then W T W ^ e ir> I (for any phase choice r/), in which case 
the choice of Ut in the definition of the time reversal operator is not unique (modulo gauge 
transformations) . 

To amplify these remarks, we suppose that in the original $-basis another anti-unitary 
operator T exists that is a potential candidate for the time-reversal operator. In particular, 
suppose that there exists a symmetric unitary matrix Ut ^ e lv UT such that 25 

T$ a (a?, t)?' 1 = ^(UtUM*, ~t) , V($, M) = V(U T $, {p*}) . (A12) 

Then, the analysis above implies that there exists a unitary matrix V such that U = V T V, 

25 That is, if Ut ^ Ut in the <I>-basis, for any choices of the phases ip and ip, then T and T are distinct and 
equally valid choices for the time reversal operator. 
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and $" = is also a real basis. In this case, the real $'-basis and the real $"-basis are 
related by $" = W& where W = VV~ X . It follows that WW T = VU~ X V T ^ e ir >I (for 
any phase choice 77). Thus, the existence of T ^ T implies that the discrete group T> is 
nontrivial. Likewise, one can show that W T W = [V'^UV" 1 7^ e tv I. 

Given Ut in the $-basis, we may determine the form of this matrix in any real basis. For 
example, inserting $' = V<& into eq. (jAl|) and making use of eq. (jA6|) . we find 

T#J(3 i t)T- 1 = e**tfJ(3 i -t). (A13) 

That is, in the $'-basis, U' T = I. Eq. (jA2|) then implies that this is a real basis. Now, let us 
transform to the real basis $" = . A similar computation yields 

TQPfaQT- 1 = e^(WW T )J^(x, -t) . (A14) 

where U T = (WW T )~ l 7^ / in the <3>"-basis. Similarly, if we identify T as the time- reversal 
operator, we find that U' T = W T W 7^ / and = I. We may assemble all possible real 
bases into classes. Each class is in one-to-one correspondence with the elements of the 
discrete group T>. In the class of real bases associated with the identity element of V, the 
corresponding Ut = I ■ In all other classes of real bases, the corresponding Ut 7^ I- 

If T> is trivial, so that W is an orthogonal transformation [up to an overall phase that can 
be absorbed, e.g., into the multiplicative phase factor in eq. (|A14|) ]. then Ut = I in any real 
basis. In this case, the definition of the time reversal operator T is unique (modulo gauge 
transformations) . 

Finally, we note that the existence of a non-trivial discrete subgroup T> imposes strong 
constraints on the parameters of the Higgs potential. Consider a real $'-basis and a real 
$"-basis related by $" = It then follows that Y" = WY'W^ . By assumption, Y' and 

Y" are real. A short computation then yields the vanishing of the following commutators: 

[Y r , W T W] = [Y", WW T ] = . (A15) 

A similar constraint arises from the requirement that both Z' and Z" are real. Using these 
results, it is straightforward to verify that eq. (|A12jl is satisfied for U' T = W T W in the 
$'-basis and eq. (JA"2|) is satisfied for U T = (WW 7 )' 1 in the <3>"-basis. 
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APPENDIX B: A PROOF OF A RESULT FROM MATRIX ANALYSIS 



In the proof of Theorems 1 and 4, the following lemma is required: 
Lemma 1: A complex n x n matrix U is unitary and symmetric if and only if there is a 
complex n x n unitary matrix V such that U = V T V. 



This result is given as problem 17 on p. 215 of ref. [2l(. Here, we give an explicit proof. 
Clearly if V is unitary it follows that U is unitary and symmetric. Thus, we focus on the 
proof that given U, the unitary matrix V exists. Lemma 1 is a special case of the Takagi 
factorization of a complex symmetric matrix (see pp. 204-206 of ref. 2l|). Namely, for 
any complex symmetric matrix M, there exists a unitary matrix V such that M = V T DV, 
where D is a real nonnegative diagonal matrix whose elements are given by the nonnegative 
square roots of the eigenvalues of MM^. 26 Applying the Takagi factorization to a unitary 
matrix M = U {i.e., UU^ = I), it immediately follows that D = I. Hence, U = V T V for 
some unitary matrix V. 

The matrix V is not unique. In particular, if U — V T V then U = W T W, where the 
unitary matrix W = KV and K is an arbitrary orthogonal matrix. However, the proof of 
Theorem 4 simply requires the existence of V, which has been proven above. 



APPENDIX C: DOES A BASIS EXIST IN WHICH ALL THE A; ARE REAL? 

Lemma 2: If the parameters of the 2HDM satisfy the relations: Ai = A2 and A7 = —Xq, 
then one can always transform to a new basis in which A' 5 and X' 7 = —X' 6 are all real. 

We begin with eq. (|T2*|) and eq. (JT3)l and require that the imaginary parts of A' 5 and Ag 
are zero. We assume that Xq 7^ (if A7 = — Ag = 0, it is trivial to transform to a basis where 
A5 is real by rephasing one of the scalar fields). Moreover, without loss of generality, we may 
assume that Xq is real by rephasing one of the scalar fields appropriately. 27 If A5 is also real 
after the rephasing, we are done. If not, we write A5 = | A5 1 e* 6 * 5 and obtain 

Im K = -5/6 sin 2x + / a cos2x, (CI) 
Im A' 6 = -i/dsinx + |/ c cosx, (C2) 

26 The Takagi factorization of a complex symmetric matrix is the basis for the mass diagonalization of a 
general Majorana fermion mass matrix 22] . 

27 Since Ai = A2 and A7 = — A6, it follows that A' 7 = — Ag, and further consideration of A7 is unnecessary. 
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where 

f a = |A 5 | c 2 esm(9 5 + 2£) - 2A 6 s 2 0sin£, (C3) 

A = (A 1 -A3-A4)si fl + |A 5 |(2-s^)cos(05 + 2O-2A 6 S4flCos^ (C4) 

/ c = |A 5 |s2flSin(0 5 + 2£) + 2A 6 c 20 sin£, (C5) 

f d = [| A 5 1 cos(# 5 + 20 - Ai + A 3 + A 4 )] s 4e + 4A 6 c 4e cos £ . (C6) 

As before, we abbreviate s 4 g = sin46 l , c 4 # = COS46 1 , etc. We proceed to solve Im A5 = 0, 
which yields an equation for cot 2%, and Im A 6 = 0, which yields an equation for cot x- 

cot2 X = A (C7) 

cot X = A, (08) 

Under the assumption that / a 7^ and / c 7^ 0, we can eliminate x by employing the well 
known identity 

cot2 X = C ° t2x - 1 , (09) 
2cot X 1 ' 

which leads to the following result: 

G(9, = Ufl - 4/ c 2 ) - Vofch = . (CIO) 

We wish to prove that there exists at least one 9 and £ that solves eq. (|C10|) . From any such 
solution, we may compute \ from eqs. (jC7|) and (jC8|) . This would then provide the elements 
of the U(2) transformation matrix that yields the basis in which all the Aj are real. 
To prove that a solution to G(8,£) = exists, we note that 



fa(8 


= 0,0 = 


-fa(e = 


V2,0 


= |A 5 |sin(0 5 + 2O, 


(Oil) 


h(o 


= 0,0 = 


+fb(0 = 


vr/2,0 


= 2|A 5 |cos(# 5 + 2£), 


(C12) 


W 


= 0,0 = 


-Mo = 


V2,0 


= 2A 6 sin£ , 


(C13) 


W 


= 0,0 = 


+W = 


t/2,0 


= 4A6 cos£ , 


(014) 



from which it follows that 

G(0,£) = -G(tt/2,£) = 16\l\\ 5 \sm6 5 . (C15) 

This means that G will have at least one sign change as a function of 9. Hence, for any value 
of £ there exists a value of 9 for which G(9,£) = 0. Thus, we have proved the existence of a 
U(2) transformation that results in a basis in which all the Aj are real. 
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The assumption above that f a 7^ and f c 7^ for values of 9 and £ at which G(9,£) = 
is not strictly necessary. For example, if f a = (but /*, ^ 0), then one can rewrite eq. (jC7|) 
in terms of tan 2%. We then end up again with eq. (jClOj) . The only special cases that need 
be considered are: (i) f a = /& = and (ii) f c — f d — 0. If (i) and (ii) both hold, then 
we immediately conclude that A' 5 and A 6 are real and we are finished. If only (i) [only (ii)] 
holds, then we simply use eq. (jC8|) [eq. (|C7|) ] to determine Xi an d we are finished. 

We have used Lemma 2 in the proof of Theorem 2 (see Section III). It is instructive to 
examine the necessity of the condition of Ai = A2 in the proof of Lemma 2. For this reason, 
we prove a second lemma. 

Lemma 3: If Ai 7^ A 2 and Im(AgAg) 7^ in a basis where A 7 = — A 6 7^ 0, then it is 
impossible to transform to a basis in which A' 5 , A 6 and A' 7 are all real. 

The proof of Lemma 3 is trivial using invariants. Namely, in a basis where A7 = — Ag 7^ 0, 
we use eq. (|30J) to conclude that Iqz 7^ 0. Hence in this case, there is no basis in which all 
the Aj are real. 

Even without invariants, it is not difficult to show that no basis exists in which all the Aj 
are real. We first rephase one of the scalar fields such that the resulting value of A6 is real. 
In this basis, A 5 = |A 5 |e* 95 , where 9 5 7^ (mod ir). We then use eqs. flTB^l and (fTlj) in the 
case of A 7 = — A 6 to obtain 



Since Ai 7^ A2, it follows that ImA 6 = ImA' 7 = implies that either sin 26* = or sin^ = 0. 



Im(A 6 + A 7 ) = § sin \ s 2 e(Ai - A 2 ) . 



(C16) 



If sin 29 = 0, then eqs. and © yield 




A 5 |e ±4 ( 2 ^, 



(C17) 



A 6 e^ = |A 5 |e 



(C18) 



where the choice of sign above corresponds to the sign of cos 29. Thus, 

*5 _ 1^5 1 ±i0 s 



(C19) 




Im(A' 5 ) = \X 5 \c 2 e sin(9 5 + 2£) - 2A 6 s 2e sin £, 
Im(A'g) = i|A 5 |s 2e sin(6 l 5 + 2£) + A 6 c 2e sin£. 



(C20) 
(C21) 
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If sin£ = 0, then eq. (jC21|) reduces to Im(A 6 ) = ||A 5 | sin 29 sin 9 5 ^ 0. Thus, we must have 
sinf ^ if A' 6 is real. Then, using eqs. (IH20j) and (IH2T1) to set Im(A' 5 ) = Im(A' 6 ) = yields 

tan 26 = - cot 29 = + ^ . (C22) 

2A 6 sin£ v ' 

However, eq. (jC22|) implies that tan 2 29 = — 1, which is impossible. Once again, we conclude 
that no basis exists in which X' 5 and A 6 are simultaneously real. The proof of Lemma 3 is 
now complete. 



APPENDIX D: PROOF OF LEMMA 4 



Consider the special isolated point of the Higgs parameter space in which Ai = A2 and 
A7 = — Ag. By Lemma 2, we may assume without loss of generality that all the Aj are 
real. Thus, Yyi remains as the only potentially complex parameter. Lemma 4 provides the 
conditions under which it is possible to find a new basis in which all the Higgs potential 
parameters are real. 

Lemma 4: If the parameters of the 2HDM satisfy the relations: Ai = A2 and A7 = — Ag, 
and the basis is chosen such that all the \ are real and Y 12 is complex, then there exists a 
new basis in which all the Higgs potential parameters are real if and only if (at least) one 
of the following two conditions is satisfied: 

A^ + A5(A!-A3-A 4 )-2A 2 = 0, (Dl) 

and/or 

4A 6 (Re Y 12 f - (A 3 + A 4 + A 5 - X 1 )(Y 11 - Y 22 ) Re Y 12 - X 6 (Y n - Y 22 f = . (D2) 

It is easy to prove that if neither eq. (jDl|) nor eq. (jD2|) is satisfied, then there is no basis 
in which all Higgs potential parameters are real. The latter conclusion follows directly from 
I3Y3Z 7^ 0, which is a consequence of eq. (|3^j) . Thus, we focus on the inverse statement: 
if either eq. (jDljl or eq. ()D2|1 is satisfied, then there exists a basis in which all the Higgs 
potential parameters are real. 

Suppose that eq. (jDlj) is satisfied, under the assumption that all the Aj are real (for 
Ai = A2 and A7 = — Ag) and Y\ 2 is complex. We search for a U(2) transformation to a new 
basis in which the A^ and Y[ 2 are real. It will be sufficient to consider solutions with x = 7r/2. 
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At this point, we assume that A6 7^ (we shall treat the case of A6 = separately). Then, 
we demand that 9 is the solution (as a function of £) of the following equation: 



A 6 sin 26 = A 5 cos 20 cos £ . 



(D3) 



Using eq. (jCl|) with x = 7r/2 and real A5, it is easy to check that eq. (|D3|) implies that 
Im A' 5 = 0. Next, using eq. (jC2|) with x = 7r/2 and real A 5 yields: 



Im Ag = — |(A5 cos 2£ — Ai + A3 + A4) sin 40 — A6 cos 40 cos£ . 



(D4) 



Using eq. ()D3j) . we obtain 



sin 49 = 2 sin 29 cos 29 



2A 5 cos 2 29 cos £ 
A^ 



cos 49 = cos 2 29 - sin 2 29 = cos 2 20 f 1 - 

Inserting these results into eq. (jD4|) and simplifying the resulting expression yields 

cos 2 29 cos £ 



(D5) 
(D6) 



Im A' R 



2A fi 



A 5 + As(Ai — A3 — A4) — 2Ag 



(D7) 



Thus, using eq. (jDl|) . we see that Im A 6 = for any value of £. We now choose £ in order 
that Im Y{ 2 = 0. Using eq. (|ZJ) with x = tt/2 and Y12 = |^i2|e iei2 , we find 



2 1 Fia I cos 20 cos (012 + = (Fn -y 22 )sin20. 



(D8) 



Using eq. ()D3j) to eliminate 0, we end up with 



tan £ = cot 



12 



A 5 (Yn - F 2 



22 1 



(D9) 



2A 6 |Y"i 2 | sin0 12 

Finally, we treat the case of \q = 0. We may assume that A5 7^ (otherwise, a simple 
rephasing of one of the Higgs fields is sufficient to yield a real Y12). In this case, we choose 
X — £ = 7r/2. Then, Im A5 = is satisfied [see eq. (jD3|) ] for arbitrary 0. Inserting £ = n/2 
into eq. (jD4|) yields 

Im A; = |(A 5 + Ai - A 3 - A 4 ) sin 40 = , (D10) 

after using eq. (jDl|) with X G = and A5 7^ 0. We now choose in order that Im Y[ 2 = 0. 
After putting £ = n/ 2 in eq. (|D8J) . the end result is 

Y22 — ill 



cot 20 



2|r 1 2|sin0 12 



(Dll) 
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To summarize, if eq. (jDlj) is satisfied, we have exhibited a U(2) transformation [eq. (J3J 
with x — 7r /2, 9 given by the solution to eq. (jD3|) and £ given by eq. (jD9|) if A6 7^ 0, and 
X = £ = vr/2 and given by the solution to eq. (jPll|) if A 6 = 0] such that all Higgs potential 
parameters are real in the transformed basis. 28 

Next, suppose that eq. (jP2|) is satisfied, under the assumption that all the \ are real (for 
Ai = A2 and A7 = and Y\ 2 is complex. We again search for a U(2) transformation to a 
new basis in which the A, are still real and Y\ 2 is real. In this case, we choose \ = ir/2 and 
£ = 7r. For this choice, ImAg = is automatic (independently of the value of 9). Again, we 
first assume that A6 7^ (the case of A6 = is treated separately). Then, the constraints 
Im Y{ 2 = [eq. l|DB|) ] and Im A' 6 = [eq. (JDlj) ] reduce to 

cot 29 = Y ^7 Yl \ , (P12) 
2|Y 12 |cos#i 2 V ; 

cot4g = A 5-Ax + A 3 + A 4 
4A fi 



respectively. Using the double-angle formula analogous to eq. (|C9|) . we may combine 
eqs. (jP12|) and ()P13|) to yield the following constraint: 

4A 6 |y 12 | 2 cos 2 # 12 + (A 5 - Ai + A 3 + A 4 )(l22 - Y n )\Y 12 \ cos9 12 - X 6 (Y 22 - Y n ) 2 = 0, (P14) 

which is identical to eq. (jP2|) . which is assumed to be satisfied. Thus, eqs. flP12|) and (|D13|) 
are consistent and provide a solution for 9. 

Finally, we examine the case of A6 = 0. In this case, eq. (jP2|) reduces to: 



(Ai - A 3 - A 4 - As) (Hi - Y 22 ) cos9 12 = . (P15) 

The case of Ai — A3 — A 4 — A5 = (with A6 = 0) is equivalent to eq. (jPlj) and has already 
been treated. Thus, it is sufficient to examine only the cases of Yn = Y 22 and cos #12 = 0. 
In both cases, we may choose % = ir /2 and £ = ir as before. Then, it is easy to check that 
if COS26 1 = in the case of Yn = Y 22 and sin 2$ = in the case of cos 9 12 = 0, the U(2) 
transformation yields Im A' 5 = Im Y[ 2 = 0. 



28 Other U(2) transformations with \ 7^ 7r /2 can also produce a basis where all Higgs potential parameters 
are real. For example, a numerical analysis suggests that if x (mod w) and A6 ^ 0, then one can 
choose 9 as a function of £ such that Im Ag = 0. Using this choice for 6, one again finds that Im Ag = as 
a consequence of eq. (|D1|) . independently of the value of £. Finally, £ can be chosen to yield Im Y{ 2 = 0. 
Of course, only one solution for (x, 6, £) must be exhibited to prove the validity of Lemma 4. 
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To summarize, if eq. (jD2|) is satisfied, we have exhibited a U(2) transformation [e.g., 
eq. (HJ) with x = 7r/2, t; = it and 6 given by the solution to eq. (jD12|) if A6 7^ 0] such that all 
Higgs potential parameters are real in the transformed basis. 

Thus, we have explicitly constructed a U(2) transformation that renders all Higgs po- 
tential parameters real if either eq. (|D1J) or eq. (jD2|) is satisfied. Consequently, Isyzz = 0, 
and it follows that if Ai = A2 and A7 = — A6, then the condition Izyzz = is the necessary 
and sufficient condition for an explicitly CP-conserving Higgs potential. This concludes the 
proof of Lemma 4. 



APPENDIX E: ALL CUBIC INVARIANTS ARE REAL 

In this appendix, we examine invariants constructed from the Y a i and Z a g C( j. We show 
that all invariants that are at most cubic in the Z's and independent of Y are real. Similarly, 
we demonstrate that invariants that are linear in Y and at most quadratic in the Z's are 
real. Finally, we prove that invariants that are linear in Z and quadratic in the V's are real. 

First, we introduce some notation. We consider all possible non-trivial 29 second-rank 
tensors that are quadratic in the Z's. Using the symmetry properties of the Z's, we find six 
tensors of this kind: 

(El) 
(E2) 
(E3) 

where Z^ and Z^ are defined in eq. (j!9j) . A quick computation shows that the Z^ 
(m = 1, 2) and the (p = 1, 2, 3 and n — 1, 2) are hermitian; that is, 

Z M = [Z M ]% Z™ = [Z™]\ (E4) 

Next, we consider all possible non-trivial 30 fourth-rank tensors that are quadratic in the Z's. 



Z (ll) 

CO 


= 7 {1) 7 - 

— ab ^bacd i 


Z (f) 
cd 


- 7 {1) 7 - 

— a b ^bdca i 


z (21) 
cd 


- v(2) 7 _ 

— ab bacd i 


z (22) 
cd 


- 7(2) 7 _ 

— ab bdca i 


z (31) 
cd 


= Z abedZbace i 


^(32) 
cd 


= Z a bedZcabe 



29 That is, we omit tensors that can be expressed as a product of a scalar quantity times Z m — 1.2 
{e.g., Z^Z e , al = [Tr Z^}Z% .) 

30 Again, we omit those tensors that are products of simpler tensors (e.g., Z a i bc iZ cEe jr = Z^j Z^). 
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These fall into a number of different classes. First, we have: 



Z alcd = Z abef Z cdfe , Z [l c d = Z adfe Z cbef , ( E 5) 

Z alcd = Z afed Z fbce , Z ^lcd = Z aefb Z cfed , (E6) 

Z alld = Z afce Z fbed, Z alcd = Z afce Z ebfd- ( E7 ) 



These fourth rank tensors possess the same symmetry and hermiticity properties as Z a i c ^ 
that is: 

= Z^- h , [Z { f,} * = Z^L ■ (E8) 

abed cdab ' L abed' oaac \ ) 

Note that Z^f 1 = Z^\ for n = 1,2, 3. The second class of rank-four tensors consists of: 

abed chad 1 1 

Z aled = Z abef Z eefd , Z aled = Z aefd Z ebef , ( E 9) 

Z alcd = Z aefb Z cdef , Z a f c d = Z adef Z eefb ■ ( E1 0) 

Note that Z^p = z ^ a g fc> r n — 1,2. Unlike Z a i c g and Z^ 3 , the tensors Z^ 3 are not 
symmetric under interchange of the first and second pair of indices. In particular, 

#13=2% Z fd = zi fb- (Ell) 

abed cdab 1 abed cdab v ' 

Consequently, we must distinguish between two types of hermiticity conditions. For n — 1, 2, 

abed 



the Z^y satisfy the hermiticity condition of the first kind: 



#Sd* = s£L n = l,2, (E12) 
whereas for n — 3, 4, the satisfy the hermiticity condition of the second kind: 

l Z a tJ* = Z dt, n = 3,4. (E13) 
The final class of rank-four tensors involve Z^ (n = 1,2). These are: 

(E14) 
(E15) 
(E16) 
(E17) 

These tensors possess neither the hermiticity nor the symmetry properties of Z a i cd -. Instead, 
we have (for n — 1,2): 

[Z& = Z^ n \ m = l,...4. (E18) 



z {ln l 

abed 


- 7 _ _7<™) 
= ^abef^fd , 


abed 


- 7 _ _7(«) 
= ^abfd^cj 


z (2n)_ 
abed 


- 7 _ _7<X> 
= ^cbaf^fi , 


z^-- n l 

abed 


- 7 _ .7(1) 
= ^ebfd^af 


abed 


— 7 _ _7( n ) 

— ^ cdaf ji) i 


z i7 - n l 

abed 


— 7 7(1) 
= ^cdfb^af 


z { - n l 

abed 


— 7 _ .yW 
= ^adef^fb , 


z (8n)_ 
abed 


— 7 _ _ 7O) 
= ^adfb^cj 
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are all distinct due to the lack of 



symmetry under the interchange of indices. 

We proceed to examine all possible quadratic and cubic scalar Z-invariants. The 
quadratic scalar Z-invariants are obtained by summing over the indices of the tensors defined 
above in all possible allowed ways. However, note that the two-index tensors are hermitian, 
and any four-index tensor summed over two indices yields a two-index hermitian tensor. 
Hence any quadratic Z-invariant is the trace of an hermitian tensor and is hence real. We 
thus turn to the (non-trivial) cubic Z-invariants. These must be of the form Z ^ Jf^ (n = 1 
or 2) where Xba is one of the quadratic second-rank tensors defined above, or of the form 
ZabcdXbadc, where XbMc is one of the quadratic fourth-rank tensors defined above. But, 
for any hermitian second-rank tensor, Xf,a, the quantity Z^ Xba is real. Similarly, for any 
fourth-rank tensor X^adc that either satisfies the hermiticity conditions of the first or second 
kind [see eqs. flE12|) and (jE13|) ]. the quantity Z a b cd X hadL is real. All that remains is to check 
that the scalar quantities of the form Z^^Z^^} are real. This is proved by first establishing 
the following non-trivial result: 



We have checked this result explicitly with Mathematica (although a simple analytic proof 
eludes us). Using eq. flE18|) . it immediately follows that all such Z-invariants are real. This 
completes the proof that all cubic Z-invariants are real. 

We next turn to the scalar invariants that are linear in Y. Since for any hermitian two- 
index tensor Xb a , the quantity Y a iXb a is real, it immediately follows that any scalar invariant 
that is linear in Y and at most quadratic in the Z's is real. Finally, consider scalar invariants 
that are quadratic in the F's. Note that Y^Y^ has the same hermiticity property as Z a 5 C( j, 
and Y a5 Y c i is an hermitian two-index tensor. Thus, any scalar invariant quadratic in the Y 7 s 
and linear in Z is real. Hence, we have proven that all cubic invariants are real. 

It is instructive to see where the above arguments break down when quartic invariants 
are considered. The simplest complex scalar invariant that is linear in Y is at least cubic in 
Z. Indeed, 



hermitian 2x2 matrices, Iyzz is not necessarily real because Z^ 1 ' and Z*- 11 ) do not commute. 



abcd^badc ~ ^abcd^badc 



(E19) 




(E20) 



is a potentially complex quartic invariant. Note that although Y, Z^ l > and Z^ 11 ) are all 
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More generally, one can check that all manifestly complex scalar invariants that are linear 
in Y and cubic in Z can be written in the form Tr(Z^Z^Y) or Ti(Z^Z^Y). A simple 
Mathematica computation reveals that 

I Y3Z = lm(Z a f Z^Y da ) = -lm(Z^zifY da ) (E21) 

for all possible values of n, q — 1, 2 and p = 1,2,3. The last equality in eq. (|E21|) follows 
from the hermiticity of the Z^ n \ Z^ and Y. Hence, we conclude that the imaginary parts 
of all complex invariants of this type are equal to ±Iysz- 

The simplest complex scalar invariant that is quadratic in Y is at least quadratic in Z. 
Indeed, 

I 2Y2Z = lm(Y al Y ci Z^ d \) (E22) 

is a potentially complex quartic invariant. This quantity is not necessarily real since z\^ d \ 
does not satisfy any hermiticity conditions. More generally, one can check that all manifestly 
complex scalar invariants that are quadratic in both Y and Z can be written in the form 
Y a iYcd^Mds (f° r m ~ 1> • • • i 8 an d n = 1, 2). 31 A simple Mathematica computation reveals 
that 

hv2Z = MY ai Y cd Z^ ] ) = -MYa^ziZt^ ) (E23) 

for all possible values of m = 1, ... ,4 and n — 1,2 [where the second equality above is 
a consequence of eq. I)E18|) ]. Hence, we conclude that the imaginary parts of all complex 
invariants of this type are equal to ±I 2 Y2Z- 

Finally, a comprehensive analytic study of nth-order pure Z-invariants for n > 4 of the 
type employed above (in the analysis of the cubic invariants) seems prohibitive. Thus, a 
systematic Mathematica-aided study was carried out to prove that all fourth and fifth-order 
Z-invariants are real. 

APPENDIX F: TIME-REVERSAL INVARIANCE OF THE HIGGS VACUUM 

In this appendix, we assume that the Higgs scalar action is explicitly CP-conserving (and 
hence time-reversal invariant by the CPT theorem). That is, there exists a time reversal 

31 In particular, it is straightforward to show that Y a iY c ^zj^ d - and Y^Y^Z^- are real due to the hermiticity 
properties of Y, and Z^. 
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operator T that satisfies eq. (|A2|) (for some choice of Ut)- In this context, we ask whether 
the Higgs vacuum is time- reversal invariant. However, there is an apparent ambiguity, since 
as shown in Appendix A there may be a number of distinct choices for the time reversal 
operator (under which the action is invariant). This ambiguity corresponds to a non-trivial 
discrete group T> that is a symmetry of the scalar Lagrangian. In general, the vacuum is not 
invariant with respect to T>. In this case, the vacuum may select one distinct choice for the 
time reversal operator. We shall denote this choice below by T. That is, the theory is time- 
reversal invariant if the Higgs scalar action is CP-conserving and the vacuum is invariant 
with respect to (at least) one of the distinct choices for the time reversal operator. If there is 
no choice for the time reversal operator such that the vacuum is invariant, then time reversal 
invariance is spontaneously broken. 

We denote the vacuum state by |0) and define $ a |0) = |$). The action of the time 
reversal operator is denoted by: 

T|0) = |0 r ), T|$) = |$ T ). (Fl) 

The anti-unitarity of T implies that (Ot\<&t) — (0|$)*. Invariance of the vacuum under 
time-reversal invariance implies that |0) = \0t)- Hence (0|$t) = (0|$)*. It then follows 
that: 

(0|T$ a T- 1 |0) = (0|$ a |0)*, (F2) 
after inserting TT -1 in the appropriate spot and using T \ 0) = |0). Using eq. (jAl|) . we end 



up with 1! 

(UT)ab{®b) = <*«>*, (F3) 

where ($ a ) = (0|$ a |0). We can use the above results to prove Theorem 3 of section IVl 
Theorem 3: Given an explicitly CP-conserving Higgs potential, the vacuum is time-reversal 
invariant if and only if a real basis exists in which the Higgs vacuum expectation values are 
real. 

We prove this theorem by demonstrating that eq. (|F3j) provides the real basis in which 
the vacuum expectation values are real. By assumption, eq. (jF3|) is satisfied in the $-basis 
(which may or may not be a real basis). As shown in Appendix B, one can always write 
Ut = V T V, where the unitary matrix V is unique up to multiplication on the left by an 
arbitrary orthogonal matrix. Inserting this result into eq. (|F3)1 yields 

V($) = [V($}]* , (F4) 
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which implies that the vacuum expectation values are real in the $'-basis, where $' = 
However, eqs. ()A8|) and (jAll|) imply that the $'-basis is a real basis. Of course, if the vacuum 
expectation values are real in a basis in which all the Higgs potential parameters are real, 
then the choice Ut — I in eq. (jAlJ) yields a viable time-reversal operator. Conversely, 
if the Higgs scalar action is time-reversal invariant but no real basis exists in which the 
vacuum expectation values are real, then no viable time reversal transformation law exists. 
In particular, no choice of Ut exists that satisfies eq. (jF3j) . This can only imply that 
T|0) 7^ |0). In this case, the time reversal symmetry is spontaneously broken. Thus, 
Theorem 3 is proven. 

The conditions for a time-reversal invariant theory can therefore be reformulated. The 
scalar sector of the theory is time-reversal invariant if a Ut exists that satisfies eqs. (jA2|) 
and (jF3|) . In practice, the existence or non-existence of such a Ut may be difficult to 
discern, whereas the corresponding basis-independent conditions quoted in section |V| are 
straightforward to implement. 

Note that the existence of real bases does not necessarily imply that the vacuum expec- 
tation values are real in all possible real basis choices. In Appendix A, we demonstrated 
that if the scalar action is time-reversal invariant then different choices for T correspond 
to different real bases in which Ut = I- If the time reversal operator is defined according 
to eq. (jAl|) then Ut = V T V yields a real basis $' = V<& in which U' T = I. Alternatively, 
if the time reversal operator is defined according to eq. (|A12)1 . then Ut = V T V yields a 
real basis $" = V$ in which U T = I. The transformation between these two real bases is 
$" = where W spans an 0(2) xP subgroup of U(2). 32 In Appendix A, we noted that 

U T = [WW T )~ l and U' T = W T W . If V is trivial, then WW T = W T W = I and U T = I (up 
to an overall phase) in any real basis. Eq. (jF3|) then implies that the vacuum expectation 
values are relatively real in any real basis (and can be chosen real with an appropriate U(l)y 
phase rotation). If T> is nontrivial, then the vacuum expectation values cannot be relatively 
real in both the $'-basis and the $"-basis if $" = W<&', where WW T ^ e lT] I. 

As a simple example, consider again the model specified by eq. ()3fi|) with A6 real, which 
was examined at the end of section The $-basis in this case is a real basis but the 

32 One can also perform a U(l)y transformation, which does not modify the relative phase of the two vacuum 
expectation values. 
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vacuum expectation values, \pl~v = (e _i ^ 2 , e^' 2 ), exhibit a nontrivial relative phase for 
£ 7^ (mod 7i"). Nevertheless, the Higgs vacuum is time-reversal invariant. In this case, we 
can explicitly exhibit the matrix Ut that satisfies eq. (|F3|) and a unitary matrix V such that 
U T = V T V: 

- . . cos # — sin \ / 1 , 

Ut= , f=^= , (F5) 





-i 

where 9 is an arbitrary angle. Indeed, the matrix V transforms the (real) $-basis to another 
real basis in which the vacuum expectation values are real. In particular, the choice of 
6 = ^/2 yields v 1 = Vv = (1,0) as noted at the end of section IV! 
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